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1 Introduction

Is there a relationship between income or wealth inequality and output fluc-
tuations? Recent data concerning the Latin American and the OECD coun-
tries, as well as the East Asian “tigers”, suggest a positive answer. In 1990,
the Gini coefficient of the distribution of income was on average 59.5% for
Brazil, Chile, Mexico and Venezuela while it was 34% for the OECD coun-
tries. During the same decade, the average standard deviation of the rate
of output growth was 5.9% for the mentioned Latin American countries and
only 2.7% for the OECD. East Asian countries behaved similarly: Hong
Kong, Korea, Taiwan and Singapore had on average a (small) Gini coeffi-
cient of 35.5% and a volatility of 2.8%. Building on these data, Breen and
Garcia-Penalosa [13] show the existence of a significant positive correlation
between a country’s output volatility and income inequality.

In the present paper we explore the impact of the wealth distribution
on output fluctuations from a theoretical perspective. Two remarks guide
our modelling choices. First, we take the view that the link between wealth
inequality and business cycle fluctuations needs first to be examined in a
model without distortions and in the limit with no external stochastic dis-
turbances. Indeed, following Benhabib and Nishimura [8], it is possible to
link the standard notion of macroeconomic fluctuation (based on stochastic
oscillations) to endogenous instability of deterministic models, through the
concept of cyclic sets. ! Secondly, it is known that instability easily occurs
in perfectly competitive multi-sector growth models. Whenever endogenous
leisure is a normal good, the simplest of such models is the two-sector opti-
mal growth model a la Uzawa. Finally, we introduce heterogeneous agents
and characterize the level of wealth inequality by the distribution of shares
that the individuals have in the firms and by the distribution of individual
endowments.

The message of the present paper is that, within this standard frame-
work, in most realistic situations wealth inequality is a destabilizing factor.
When agents have homogeneous CRRA preferences and individual wealth
follows a Pareto distribution, a sufficiently large rise in the Gini index typi-
cally leads to an increase in endogenous fluctuations of output. For general
economies, we provide a general characterization and then focus on two

!Benhabib and Nishimura [8] show that introducing small stochastic shocks into a
deterministic model characterized by periodic cycles generates cyclic sets.



configurations: i) heterogeneous CRRA preferences, and ii) homogeneous
preferences characterized by non-linear individual absolute risk tolerance
indices. In both cases, we show that under the plausible assumptions of a
large enough social elasticity of intertemporal substitution in consumption
and a low enough social elasticity of labor, an increase of wealth inequality
generates output fluctuations.

The sharp results obtained in this paper contrast with some of the pre-
vious related literature, in particular with Ghiglino and Venditti [21] who
also investigate the link between inequality and instability in a neoclassical
model. However, their assumption of inelastic labor supply has two ma-
jor drawbacks: 1) the model does not produce any significant relationship
between inequality and fluctuations when agents have standard CRRA pref-
erences, and 2) the role of the wealth distribution depends exclusively on
the curvature of the absolute risk tolerance index. In the present model we
allow for endogenous labor supply, implying that also the aggregate steady
state depends on the wealth distribution. Interestingly, the shape of pref-
erences loses its predominant role in the link between inequality in wealth
and fluctuations, allowing a much better characterization.

Beside Ghiglino and Venditti [21], the impact of income and wealth in-
equality on output fluctuations has generally been addressed within mod-
els with externalities, increasing returns or price rigidities. These various
forms of market imperfections introduce many degrees of freedom, which
allows dynamic instability of the long run equilibrium, either deterministic
or stochastic, but prevent clear-cut results. Indeed, in some cases inequality
is shown to be a stabilizing factor, as in Herrendorf et al. [25] or Ghiglino
and Sorger [20], while in others the effect appears to be the opposite. A
good example here is Aghion et al. [1] where inequality in the form of un-
equal access to investment opportunities across agents results in output and
investment fluctuations.

The rest of the paper is organized as follows: The methodology and
the main results are briefly summarized in Section 2 while the model is
introduced in Section 3. Section 4 is concerned with the definition of the
equilibrium and the existence of a steady state at the individual and aggre-
gate levels. Section 5 discusses the existence of endogenous business cycle
fluctuations. In Section 6, the occurrence of output fluctuations is related to
wealth inequality in the particular case in which preferences are CRRA and



wealth is Pareto distributed. This result is extended to general preferences
and wealth distributions in Section 7. Section 8 concludes the paper, and
all the proofs are in a final Appendix.

2 Summary of the paper

Starting from the decentralized model with many agents, our methodology
consists in aggregating heterogeneous preferences into a planner’s utility
function, which depends on a set of welfare weights. We solve the planner’s
problem and analyze the stability properties of the optimal growth path
as a function of the welfare weights. The equilibrium welfare weights are
obtained when the associated allocations saturate the budget constraints
of all the consumers. Then we show that the equilibrium welfare weights
are continuous functions of the initial conditions. Consequently, the local
dynamic properties of the steady state of the general equilibrium model
with heterogeneous agents and those of the planners’ problem with welfare
weights fixed at their steady state value are identical.

Building on Bosi et al. [12], we provide conditions on the technologies
and the social utility function for the existence of endogenous business cycle
fluctuations either damped in the long run or persistent through period-2
cycles. As initially shown by Benhabib and Nishimura [7], we need a capital-
intensive consumption good sector in order to allow some oscillations of the
capital stock “to get through” the Rybczinsky theorem. But the properties
of preferences also matter: first, fluctuations in consumption levels along
the equilibrium path require a high enough social elasticity of intertemporal
substitution in consumption. Second, a low enough social elasticity of labor
supply is necessary to prevent the agents from smoothing the fluctuations in
their wage and capital incomes associated with the fluctuations in the capital
stock.? These conditions translate into a high enough social absolute risk
tolerance with respect to consumption and a low enough social absolute risk
tolerance with respect to labor.

2When the labor supply is highly elastic, fluctuations in the wage rate and the rental
rate of capital can be compensated for by major modifications in the labor supply. The
fluctuations in income are thus smoothed and the cycles can be eliminated. Conversely,
when the labor supply is not very elastic, fluctuations in the capital stock generate fluc-
tuations in incomes and cycles become persistent.



In Section 6 we show that a positive correlation between the degree
of wealth inequality and output fluctuations is obtained when agents have
homogeneous CRRA preferences and individual wealth follows a Pareto dis-
tribution. The basic intuition for this result is the following: when wealth
inequality increases, the steady state values of the social absolute risk toler-
ance indices with respect to consumption and labor are changed. Under a
Pareto distribution, these modifications are such that the social elasticity of
intertemporal substitution in consumption increases more sharply than the
social elasticity of labor when the degree of inequality rises. This behavior
implies that the curvature of the social utility function decreases with respect
to consumption but increases with respect to labor, affecting the planner’s
attitude towards risk. As a result, endogenous business cycle fluctuations
become possible.

In Section 7 we extend this conclusion to general wealth distributions
and general preferences. According to the Pigou-Dalton principle, wealth
inequality rises when a bilateral transfer between two agents increases the in-
come of the agent who is initially richer than the other. In general economies,
generically the social absolute risk tolerance indices with respect to con-
sumption and labor are non-linear and then a modification in the degree of
inequality affects both the individual and the aggregate steady states. In
turn, this affects the local stability properties of the equilibrium through the
variations of the social indices. We focus our analysis to two circumstances
in which the non-linearity of the social absolute risk tolerance indices occurs.

First, we consider the case in which individual absolute risk tolerance
indices are linear (as with CRRA preferences) but agents have heterogeneous
preferences. We show that a positive relationship between inequality and
business cycle fluctuations occurs under two empirically plausible sets of
conditions: either i) if the richer agent, who receives a positive transfer, is
characterized by a higher risk-tolerance with respect to consumption but a
lower risk tolerance with respect to labor than the poorer agent, provided
the individual elasticities of intertemporal substitution in consumption are
large enough and the individual elasticities of labor are low enough; or ii) if
the richer agent, who receives a positive transfer, is characterized by a lower
risk tolerance with respect to consumption but a higher risk tolerance with
respect to labor than the poorer agent, provided the individual elasticities



of intertemporal substitution in consumption are low enough.

Second, we show that the same kind of results hold with homogenous
preferences but with non-linear individual absolute risk tolerance indices.
Indeed, a positive relationship between inequality and business cycle fluctu-
ations occurs: either i) with convex individual absolute risk tolerance indices
provided the individual elasticities of intertemporal substitution in consump-
tion are large enough while the individual elasticities of labor are low enough;
or ii) with concave individual absolute risk tolerance indices provided the
individual elasticities of intertemporal substitution in consumption are low
enough.

Finally, we discuss the plausibility of these results in view of the empirical
findings.

3 The model

3.1 Consumers

There are n agents and the total population is constant over time. In each
period consumers provide elastically an amount of labor I;, ¢ = 1,...,n,
with [; < [ and Yol =1, [ > 0 being the agent’s endowment of labor.
Furthermore, they receive a fixed endowment of the consumption good wj
with 7 jw; = @ > 0. At the initial period ¢ = 0, each agent 7 is also
endowed with a share 6; of the initial stock of capital ko with > " | 6; = 1.
In order to simplify the formulation, we will assume that the n agents are
ordered according to their initial capital endowment, i.e., 6; < 0; for i < j.
Let (6;)7; = 6 be the vector of initial shares and (w;)} ; = w be the vector
of individual endowments. Consumers’ preferences are characterized by a
discounted additively separable utility function of the form

U'(x', LY = Z 6 Tui(zir) + vi(Lit)] (1)
=0

where 6 € (0,1) is the discount factor, x;; the consumption of agent 7 at time
t, Lit = [—l; its leisure at time ¢, and 2%, £ are respectively its intertemporal
streams of consumption and leisure. Agents may therefore differ with respect
to their preferences and their initial wealth. FEach instantaneous utility
function satisfies the following basic restrictions:



Assumption 1. u;(z;) and v;(L;) are C" with r > 3, such that u}(z;) > 0,
vi(L;) > 0, uf(x;) <0, v/(L;) <O for any x; > 0, L; > 0, and satisfy the
Inada conditions limg, o u;(x;) = +o0, limg, o vi(L;) = 4o00.

Denote by w; the wage rate, r; the gross rental rate of capital and p;
the price of investment good at time ¢, all in terms of the price of the
consumption good. In a decentralized economy, an agent ¢ maximizes his
intertemporal utility function (1) subject to the intertemporal budget con-

straint

o0 o0

Z Rixy = Z Ri(wi + wilyy) + Oiroko  with i =1,...,n, (2)

t=0 =0
where the discount factors R; are defined as:

Lo
R, =
=11 1+d,
=0

with d; the common interest rate, which satisfies dy = [ro — p—1]/p—1 and
di = [re + (1 — p)pt — pr—1]/pe—1 for any t > 1.3

3.2 Producers

We consider a two-sector economy with a consumption good yo and a capital
good y. The consumption good is entirely consumed and the capital good
partially depreciates in each period at a constant rate p € [0,1]. There
are two inputs, capital and labor. Each good is produced with a standard
constant returns to scale technology:

Yo = fo(kov l0)7 Yy= fl(kla ll)
with k° + k! < k. k being the total stock of capital, and [° 4 [* < ¢, ¢ being
the total amount of labor.

Assumption 2. Each production function f7 : Ri —R,, j=0,1, is C?,
increasing in each argument, concave, homogeneous of degree one and such
that for any x > 0, f{(0,z) = f3(z,0) = +oo, f{(+o00,z) = f3(z,+0o0) = 0.

3This equation reflects the absence of arbitrage opportunities in a perfect foresight
equilibrium. It is also called the portfolio equilibrium condition (see Becker and Boyd [3]).
The difference between the equation evaluated at time ¢ = 0 and ¢ > 1 comes from the
fact that at the initial date there is no residual capital coming from the previous period
and in some sense we have ko = y_1.



Note that by definition, as I1 < ¢ < nl, we have y < f1(k,£) < fl(k,nl).
The monotonicity properties and the Inada conditions in Assumption 2 then
imply that there exists k& > 0 such that f!(k,nl) > k when k < k while
f1(k,nl) < k when k > k. The set of admissible 3-uples (k,y,£) is thus
defined as follows

D= {(k,y,é) ERO<I<nl,0<k<k 0<y< fl(k,e)} (3)

It is easy to show that D is a compact, convex set.

There are two representative firms, one for each sector. For any given
(k,y,¢), profit maximization in each representative firm is equivalent to
solving the following problem of optimal allocation of productive factors
between the two sectors:

T(k,y,t) = ma; O(k0, 10
( Y ) (ko,kl,lo,ﬁ)ERi f( )

s.t. y < fUELTY, KO+ RV <K O+t <y

The social production function T'(k, y, ¢) describes the frontier of the pI‘Odl(lZ(l}Z

tion possibility set associated with interior temporary equilibria such that

(k,y,f) € D, and gives the maximal output of the consumption good. It

also summarizes the trade-off between production of the final good and pro-

ductive investment. Under Assumption 2, for any (k,y,¢) € D, T(k,y,{) is

homogeneous of degree one, concave and twice continuously differentiable.*
We formulate the aggregate profit maximization as follows

(kgl,?)}ép T(k,y,0) +py —rk —wl (5)

For any (k,y,{) € intD, with int D denoting the interior of the set D, the
first order derivatives of the social production function give

Ti(k,y,0) =1, Ta(k,y,l) = —p, T3(k,y,0) =w (6)

4 Competitive equilibrium and Pareto optimum

From the first welfare theorem, we know that every competitive equilibrium
obtained in the decentralized economy is a Pareto optimal allocation. Let

n
A= {7717>7]n|77@ Z()and Z’rh = 1}

i=1

“See Benhabib and Nishimura [6].



be the unit simplex of R™. A Pareto optimal allocation is a solution to the
following planner’s problem for a given vector of nonnegative welfare weights

n:(ﬁla-‘-vﬂn)€A3

max Zm Z 6" [ui(zit) + vi(l — Lir))
i=1 t=0

{Zse,lit,yt }e>0

s.t. Z$it = (D"_T(ktvytagt)
i=1 (7)

Z lit = 44
=1

ki1 =yt + (1 — p)ky with ko given,

The solution to this program depends on the vector 7 and on kg. The set of
Pareto optima is obtained when 7 spans A. As markets are complete and
under Assumptions 1 and 2, the second theorem of welfare economics also
holds: any Pareto efficient allocation can be decentralized as a competitive
equilibrium with transfer payments. We can then characterize any equilib-
rium with transfers by solving the weighted dynamic optimization program
(7).> A given competitive equilibrium is then obtained for a 1 such that the
associated allocations saturate the budget constraint of all the consumers.

In order to simplify the analysis, we formulate the weighted dynamic
optimization program (7) in reduced form. Let U(z,¥) be a social utility
function such that for n = (n1,...,m,) € A

n

Uz, ) = max > n; [ui(wa) + 0i(l — li)]

{zst it} >0 i—1

n n
s.t Zmit = x; and Zl“ =¥
i=1 i=1

6

(8)

The value function U(x, £) can be characterized as follows:

Lemma 1. Under Assumption 1, the value function of program (8) is ad-
ditively separable, i.e. U(x,l) = u(z) — v(€) with u(x) and v(¢) some C"
functions with r > 3, such that u'(x) > 0, v'(£) > 0, v’ (z) < 0, v"(¢) > 0
for any x >0, £ >0, and lim,_o v (z) = +o0, lim,_, ;v (£) = +oc.

5This approach was pioneered by Negishi [30] and applied to dynamic models by Bewley
[9] and Kehoe et al. [26] among others.
5The proof is straightforward and available upon request.



We then define the indirect social utility function
Vi(ke, ki, ) = w(@ + Tk, by — (1= )k, ) — v(£) (9)

Considering from the capital accumulation equation in (7) that ki > (1 —
1)k, the set of admissible paths (ki, ki1, 44) is derived from (3) as follows

D= {(k’t,kﬂrl,gt) S Rﬁ_m < gt < nl_,
0 <k <k (1= ke < hay < (ki) + (1= ke |

with & > 0 such that f 1(l~€, nl) = Mfc, and the planner’s problem is equivalent

to Yoo
{kHéa}X Z (StV(kt, k‘t+1, Et)
2123 2> —— (10)
s.t. (k‘t, kt+1, Et) S f)
ko given

Note that the solution depends on k.

In the present framework it is a standard result that the set of interior
Pareto optima is the set of {k,¢:}+>0 that are solutions to the following
system of Euler equations

Va(kis ki, ) + 0Va(kigr, kg2, bey1) = 0 (11)
Va(kt, kiy1,0:) = 0 (12)
and that satisfy the transversality condition

. hin 6tk’tV1(k‘t, k’t+1, Et) =0

Note that using (6) and (9), the Euler equations become:

—u/(@)pe + 0 (we41) [re1 — (L= p)pea] = 0 (13)
u (z)wy — ' (6) = 0 (14)

Our methodology consists in providing a local stability analysis of the
optimal path in a neighborhood of the steady state, which is obtained as
a stationary solution of the Euler equations. Within an optimal growth
model with heterogeneous agents, the steady state has to be considered
along two dimensions. At the aggregate level, an interior steady state is a
sequence (ky, y, by) = (k*, pk*, £*), ¥t > 0, with 2y = * = o+ T (k*, uk*, £*),
pr = p* = =To(k*, uk*, 0*), ro = r* = Th(k*, pk*,0*) and w; = w* =
T3(k*, pk*, %), that solves the Euler equations (13)-(14). Since T'(k,y,?) is



a linear homogeneous function, and denoting k = k/¢, an aggregate steady
state can also be defined as a pair (k*, £*).

At the individual level, an interior steady state for agent i is a sequence
of consumption and labor supply (xi, lir) = (z},1}) that solves the first order

conditions corresponding to the individual maximization of the intertempo-
ral utility function (1) subject to the intertemporal budget constraint (2).

Of course, the set of individual steady states (z},l}), i = 1,...,n, satisfy
¥ =Y " xf and £* = Y " | IF. Moreover, the stationary values at the

individual and aggregate levels depend on the initial distribution of capital
0 = (0;)1, and of individual endowments w = (w;)?_;.

Theorem 1. Let Assumptions 1 and 2 hold. Denote k = k/{ and ¥ =
[1— 61— ).

i) There exists a unique aggregate steady state (k*,£*), called the Modified
Golden Rule.

i) If v(l) < ul(w; + (1 — 8)Ir*k*€*0;) for any i = 1,...,n, there exist
unique interior steady state values for the individual consumptions z} (0, w) €
(0,2*) and labor supplies I} (0,w) € (0,£*), which are C-functions of 6 and
w.” Moreover, £* and x* are C'-functions of 0 and w.

Remark 1. Using the linear homogeneity of T'(k,y, ), we obtain the ex-
pression for the wage rate at the steady state w* = z*/0* — @ /0* — (1 —
d)Ur*k*. It follows that x} and [} can also be expressed as functions of the
aggregate steady state values for consumption x* and labor £*.

5 Endogenous competitive business cycles

Near the steady state the behavior of the non-linear dynamic system (13)-
(14) is equivalent to the behavior of the linearized system. The local stability
properties of the steady state are then related to the eigenvalues of the
Jacobian matrix associated with the linearized system. On the one hand,
the characteristic roots depend on the first and second order derivatives of

"In a similar but aggregate model, Sorger [36] shows that a continuum of individual
stationary equilibria occurs. In our framework, as the steady state is obtained for a given
set of welfare weights 7, the same result is obtained when 7 spans A. In other words,
there exists a different individual stationary equilibrium for each n € A.

10



the social production function T'(k,y,¢) through the difference in relative
capital intensity across sectors

0 1 0
b(k,y,0) = 5 (5 = ) (15)

Note that b(k,y,¢) > (<) 0 if and only if the investment (consumption)
good is capital-intensive. As shown in Benhabib and Nishimura [7] and Bosi
et al. [12], the existence of endogenous fluctuations requires b(k,y, ¢) < 0.

On the other hand, the characteristic roots depend on the first and sec-
ond order derivatives of the social utility function through standard curva-
ture indices.

Definition 1. Let U(z,¢) = u(z) — v(f) be the social utility function,
as defined by (8) and Lemma 1, and p(x) = —u'(z)/u"(z) > 0, v(£) =
V'(£)/v"(€) > 0 be the social absolute risk tolerance respectively for con-
sumption and labor.

As shown in Wilson [40], the social absolute risk tolerance indices are
obtained from the individual ones as follows:

o) =3 piai(0)), (0 =3 7u((9)) (16)
1=1 =1

with
t pi(wi) = —wi(wy) /uf (z:), i(li) = —vi(l = ;) /v (1 = 1;) (17)
For given discount factor d and capital intensity difference b, the local sta-
bility properties of the steady state also depend on £*, p(£*T*) and ~(¢£*).®
As explained in Section 4, our strategy consists in characterizing the
competitive equilibrium through the analysis of the Pareto optimal solution
of the planner’s program (10). The equilibrium path is then the solution
to the planner’s intertemporal maximization problem, where the planner’s
utility, or social utility, is the sum of the individual utilities weighted by the
welfare weights. Consequently, the social utility function depends on the
welfare weights, which themselves depend on the equilibrium allocations that
in turn depend on the distributions of initial capital shares and individual
endowments. This means that without regularity properties of the welfare
weights, the local stability of the steady state cannot be obtained directly
from the local stability of the planner’s optimum with fixed welfare weights.

8Note that the model with inelastic labor is obtained by assuming (£*) = 0.

11



We have shown in Theorem 1 that the aggregate and individual steady
states are continuous functions of 6 = (6;)7; and w = (w;)~;. As shown
in Kehoe et al. [26] and Santos [35], if the value function of the dynamic
optimization program (10) is twice continuously differentiable, the welfare
weights are continuous functions of § and w, and the local dynamic properties
of the competitive equilibrium can be analyzed from the planner’s problem
defined in terms of the social utility function with welfare weights fixed
at their steady state value. Indeed, local stability means that with initial
conditions slightly away from the steady state, the welfare weights will be
close to their steady state values. The next Proposition gives a sufficient

condition for the continuity of the welfare weights.

Proposition 1. Under Assumptions 1 and 2, the welfare weights
(M,-..,mm) € A are continuous functions of the initial individual shares
of capital 0 = (0;)i=1 and of individual endowments w = (w;)i_, if for any
(kt, kt+1, Et) € intD:
Ty (kg kg1 — (1 — p)ky, £y)
+ bkt ke — (1 = p)ke, L) Ty (K, kerr — (1 — p)ke, £) # 0

A sufficient condition for (18) to hold is b(ky, ki1 — (1 — p)ky, £) <0, i.e.,
the consumption good is capital-intensive.

(18)

From (16) and Proposition 1 we derive that p(x) and ~y(¢) are contin-
uous functions of the initial individual shares of capital § = (6;)""_; and of
individual endowments w = (w;)l;. As a direct consequence, we finally
conclude that the dynamic properties of the competitive equilibrium can be
analyzed from the planner’s problem defined in terms of the social utility
function with fixed welfare weights.

Proposition 2. Under Assumptions 1 and 2, let condition (18) hold. Then
the stability properties of the steady state of the general equilibrium model
with equilibrium welfare weights and of the optimal growth model with ap-
propriate fized welfare weights are equivalent.

Building on Proposition 2, we consider from now on capital intensity
configurations under which condition (18) holds and we pursue our analysis
of the equilibrium path of the optimal growth model with welfare weights

12



fixed at their steady state values. Our objective is to derive a relationship
between, on the one hand, the local dynamic properties of the equilibrium
path in a neighborhood of the steady state and, on the other hand, the degree
of inequality in the economy based on the distribution of individual wealth,
which depends on the distribution of capital and individual endowments
across agents.

We are now ready to relate the stability of the steady state with the
properties of the fundamentals. First, we focus on the role of technology.
As shown in Bosi et al. [12], the existence of endogenous fluctuations in
a two-sector optimal growth model with elastic labor requires a capital-
intensive consumption good with b € (—=1/(1 — p),0). The intuition for
this fact, initially provided by Benhabib and Nishimura (1985), is based on
the Rybczinsky theorem: an instantaneous increase in the capital stock k;
implies a decrease in the output of the capital good y;, which lowers the
investment and the capital stock in the next period ki;41. But, from the
same mechanism, this decrease in k;;; implies an increase in the output of
the capital good 341, which increases the investment and the capital stock
in period t + 2, ks10. Fluctuations in the capital stocks are obtained if this
mechanism is strong enough with respect to the depreciation rate of capital.”

Second, we focus on the role of preferences through the absolute risk
tolerance indices. Indeed, the existence of persistent fluctuations is condi-
tional on two main properties. On the one hand, the agents have to accept
fluctuations in their consumption levels and thus need a great enough social
elasticity of intertemporal substitution in consumption, i.e., a high enough
social absolute risk tolerance with respect to consumption. On the other
hand, as labor is supplied endogenously, a low enough social elasticity of the
labor supply, i.e., a low enough social absolute risk tolerance with respect
to labor, is necessary. Indeed this prevents the agents from smoothing the
fluctuations in their wage and capital incomes implied by the fluctuations
in the capital stock.

The following two Propositions, which rest on Proposition 4 in Bosi et
al. [12], will be used to obtain our main results stated in the next Section.
The first one deals with the existence of damped fluctuations.

Proposition 3. Under Assumptions 1 and 2, let the consumption good be

9From the capital accumulation equation in (7), we get dkiv1/dk: =b 1 4+ 1 — p.

13



capital-intensive with b € (=1/(1 — p),—1/(2 = p)] U [=6/(1 + 6(1 — p)),0).
Then there exist p. > 0 and v, > 0 such that:

1. If p(z*) < pe, for any v(€*), the steady state is saddle-point stable
with monotone convergence.

2. If p(z*) > pe, the steady state is saddle-point stable with monotone
convergence when y(£*) > ~. while it is is saddle-point stable with oscillating

convergence when y(£*) < 7.

Note that if p. is too large or 7. is too small, the steady state is saddle-
point stable with monotone convergence for any p(z*) and ~(¢*).
The second Proposition focuses on the existence of persistent oscillations.

Proposition 4. Under Assumptions 1 and 2, let the consumption good be
capital-intensive with b € (—1/(2 — p), —0/(1+ 6(1 — p))). Then there exist
pr >0 and vy > 0 such that:

1. If p(z*) < pe, for any v(£¥), the steady state is saddle-point stable
with monotone convergence.

2. If p(x*) € (pe, pfl, then the steady state is saddle-point stable with
monotone convergence when y(£*) > ~. while it is is saddle-point stable with
oscillating convergence when ~y(£*) < ..

3. If p(x*) > pys, the steady state is saddle-point stable with monotone
convergence when y(£*) > 7., saddle-point stable with oscillating conver-
gence when v(€*) € (v¢,7.) and becomes locally unstable with oscillating
divergence when y(€*) < ~v¢. Moreover, ¢ is a flip bifurcation value and
there generically exist period-two cycles, in a left (or right) neighborhood of
vy, which are saddle-point stable (or unstable).

Note that if p; is too large or 7 is too small, the steady state is saddle-
point stable with monotone or oscillating convergence for any p(z*) and
v(E).

To conclude, Propositions 3 and 4 provide a complete characterization of
the local dynamics when b € (—1/(1—p,0) for all values of the fundamental
parameters. For values of b ¢ (—1/(1—p,0), the steady state is saddle-point
stable with monotone convergence for any p(x*) and ~(£*).

14



6 The leading case: Pareto distributed wealth and
CRRA preferences

In this section we analyze a simple and arguably plausible specification. We
assume that agents have homogeneous CRRA preferences and that individ-
ual wealth follows a Pareto distribution. On the one hand, the assumption
on preferences is common in macroeconomics and most empirical findings
show that it is a decent approximation of the real world. On the other hand,
most OECD’s economies, including the US, have been characterized over the
last century by skewed distributions of income and wealth with relatively
large top shares'® and with heavy upper tails.!!. The Pareto distribution has
these features even though for low individual wealth values, the log-normal
distribution provides a better fit.

In this section we restrict the analysis to the family of Pareto wealth
distributions and investigate the effect of increasing inequalities on the dy-
namics within this family.'> More precisely, we fix the population size and
the technologies while we adjust the capital shares (6;)_; and the individual
endowments (w;);_; such that at equilibrium the individual wealth follows
a Pareto distribution.

As the present model is specified for a discrete and finite set of individu-
als, we need to focus on the discrete version of the Pareto distribution, which
is the Zeta distribution. For a distribution with discrete and countable sup-
port S = {x1,x9,...}, the associated “probability measure” p is completely
determined by p(z1), u(x2), ... In the case of the Zeta distribution S is nor-
malized in a way such that S = {1,2,3,...}.

Definition 2. The Zeta distribution I'(«) of parameter o« > 1 is charac-
terized by the “probability measure” p defined for natural values s € N by
—_ s~ <
/,L(S) - Z]‘?‘;lj—a .
The fact that the underlying economy involves a countable and finite
population implies that in our model u(s)n can only take integer values,

198ee Piketty and Saez [32], Wolff [41, 42].

"See Nirei and Souma [31].

12 Another weakness is that Pareto distributions have unbounded support, which gener-
ates a bias when compared to the data.
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which is generically not true when p is given by Definition 2. However, for
a sufficiently large population n, the Zeta distribution can be approximated
with an arbitrary precision by a distribution I',,(«) of measure pu,, (of finite
support) such that p,(s)n takes integer values for all s and I';,(«) is in a
neighborhood of I'(«).

Definition 3 Let {I';,(a) }n>0 be a sequence of distributions with probability
measure (i, such that for any s € S, when pu(s)n ¢ N, uny(s) is defined by
lpn(s) — p(s)| < 1/2n with p,(s)n € N, and when p(s)n € N, un(s) = p(s).
Q

Qmin
where €2 is the individual wealth and Q,,;;, is the minimum of €2, i.e., the

Along the steady state the support S is obtained by letting s =

subsistence level of wealth. This implies that agents are grouped in classes
with the same wealth and that individual wealth only takes values which
are multiples of Qnin.

In the case of Pareto distributed wealth, the Gini index G is related to the
exponent « of the Pareto distribution by G = 1/(2ac— 1). Therefore, within
this class of wealth distributions, high « values correspond to more equal
societies. Let G(I'y,(«)) be the Gini index of the economy I'y,(«v) previously
defined.

Lemma 2. For any o > 1, there exists a sequence of economies with nor-
malized wealth distributions {T'y,(«)}n>0. Furthermore, each T'y () is imple-
mentable with an appropriate choice of (0;)1_, and (w;)i ;.

The previous Lemma characterizes the family of economies considered
in this section as well as their wealth distribution. This family consists of
economies that are the closest approximation to the Pareto distribution in
the present environment.

We now introduce two alternative assumptions concerning the capital
intensity difference.

Assumption 3 . The consumption good is capital-intensive with b €
(=1/(0 = p), =1/@2 = )] U [=6/(1 +6(1 — 1)), 0).
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Assumption 4. The consumption good is capital intensive with b €
(=1/(2 = p),—6/(1 + 6(1 — p))). Moreover, v¢ is a flip bifurcation value
giving rise to saddle-point stable period-two cycles in its left neighborhood.

These assumptions are motivated by Propositions 3 and 4. Assump-
tion 3 is linked to the existence of damped fluctuations while Assumption 4
concerns the occurrence of persistent fluctuations, i.e., saddle-point stable
period-two cycles. Although the second part of Assumption 4 concerns non-
trivial restrictions on the non-linear part of the Euler equation, a number of
robust examples of saddle-point stable period-two cycles have been provided
by Boldrin and Deneckere [11] and Mitra and Nishimura [28].

Finally, we assume that agents are homogeneous with respect to their
utility function which has the standard CRRA formulation

1—0o

i I—L) Y
ui(x;) = “iz_a and v;(L;) = % =i

1+
li

with ¢,7,> 0 and £; = [ — l;. Note that this formulation implies that
pi(wi) = 2 and (i) = 4
Let E(I',(c)) be the economy with wealth distribution I';,(a)). We are
now ready to state our main result:

Theorem 2. Let Assumption 2 hold and agents be homogeneous with CRRA
preferences. Then for any interior equilibrium and n sufficiently large, there
exists @ € [1,400) U {+o0} and a level of wealth inequality characterized by
a Gini index G = 1/(2a — 1) € [0,1] such that one of the following cases
holds:

1 - If Assumption 8 is satisfied, the steady state is saddle-point
stable with monotone convergence for any economy E(I'y(«)) such that
G(Tn(a)) < G and is saddle-point stable with oscillations otherwise.

2 - If Assumption 4 is satisfied, the steady state is saddle-point
stable with oscillating convergence for any economy E(I',(«)) such that
G(Tn(a)) < G and is unstable otherwise. Moreover, there generically exist
saddle-point stable period-two cycles, in a right neighborhood of G.

3 - For given technologies, there exists an open set = of values of
(0,7) such that inequality do matter, i.e., G € (0,1).
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Remark 2 In the cases not covered by Assumptions 3 and 4 or if G =0 or

G = 1, wealth inequality has no impact on the local dynamic properties.

Theorem 2 states that when the wealth distribution is Pareto and the
agents are homogeneous with CRRA preferences, a rise in wealth inequality
can generate endogenous fluctuations but can never stabilize the economy
by ruling out business cycles.

The intuition of this result is as follows. Since agents have homogeneous
preferences, the open set = is obtained when the individual elasticity of in-
tertemporal substitution 1/c is large enough to guarantee a social absolute
risk tolerance index such that p(z*) > p. or py. This allows the agents
to substitute consumption over time in order to smooth their level of util-
ity when fluctuations arise. However, our result does not depend on the
fact that a rise in wealth inequality generates intertemporal reallocations of
consumption, but rather on the fact that a larger wealth inequality implies
intertemporal reallocations of labor, which always decrease the aggregate
elasticity of labor at the equilibrium. As shown by Propositions 3 and 4,
this mechanism generates endogenous fluctuations.

Remark 3 When labor is inelastic, as in Ghiglino and Venditti [21], the
elasticity of labor is equal to zero and inequality does not matter. Indeed,
the only possibility for the above mechanism to hold is to go through vari-
ations of the social risk tolerance index p(z*) when the degree of inequality
increases. But in that case aggregate consumption x* does not depend on
the distribution of wealth, and both p(x*), pe, py are linear in x*.

7 The impact of wealth inequality on output fluc-
tuations in general economies

In the previous section we analyzed the simple case of homogeneous agents
with CRRA preferences and Pareto distributed wealth. In this section we
explore the link between wealth inequality and stability in a more general
setting. However, for general wealth distributions, the Gini index does not
provide the needed link between the absolute risk tolerance indices and
inequality. We instead adopt a simple definition of increasing inequality
based on the Pigou-Dalton transfer principle.
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On the basis of Propositions 3 and 4 we need a measure of wealth in-
equality that can be linked to the steady state values of the absolute risk
tolerance indices p(z*) and v(£*). Clearly, we know that the aggregate con-
sumption z* and labor ¢* are functions of the distributions § = (6;)!_; and
w = (w;)i_,. Without lack of generality we consider only variations in capi-
tal shares 6 and let w; = w; for all 4, 5. We focus on the effects of bilateral
transfers between two agents, say 7, 7, in which agent ¢ initially owns a larger
share of capital than agent j. According to the Pigou-Dalton transfer prin-
ciple, inequality increases if agent ¢ ends up holding an even larger share
while agent j, who initially already owns a lower share of capital, ends up
with an even lower share.

Definition 4. Assume that the n agents are ordered according to their
initial share of capital in decreasing order, i.e., 0; > 0; for i < j. Con-
sider a benchmark economy A characterized by a distribution 64 = (HkA)Z:l.
There is a larger inequality in some economy B if the associated distribution
08 = (05)_, is such that 0 < 0P and 6?3-4 > 9}3 for some agents i,j such
that j > i, while for the remaining agents k # 1,7, 0y is unaffected. Such
a case in which economy B is more unequal than economy A is denoted
04 <1 65.

In Ghiglino and Venditti [21], inequality is defined as in Rotschild and
Stiglitz [34]. Indeed, when labor is inelastic, the aggregate steady state is
invariant with respect to the distribution of wealth across agents. A spread
in the distribution of consumers’ wealth decreases or increases the value of
p(z*) depending on whether p(z) is concave or convex. Assuming a convex
absolute risk tolerance index is the only way to increase the value of p(z*)
with a mean-preserving spread of capital shares. On the contrary, here the
labor supply is endogenous and the aggregate steady state depends on the
distribution of initial shares of capital. We are forced to consider a simpler
notion of inequality based on bilateral transfers. Clearly, when the mean is
preserved, these two notions are compatible.

In order to study the consequences of bilateral transfers on the aggregate
steady state, we introduce two elasticities characterizing the agents’ prefer-
ences: the elasticity of intertemporal substitution in individual consumption

ep (i) = —uj (i) [ (2i)z; > 0 (19)
and the elasticity of the individual labor supply with respect to the wage
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6}’([1) = %% = —U:-(Z— li)/vé’(f— ll)lz >0 (20)

The following Lemma characterizes the effect on the aggregate steady state
of an increase of some #;, which necessarily implies a decrease of some other
0, everything else being equal.

Lemma 3. Let Assumptions 1 and 2 hold. Then 9¢*/00; > 0 if and only if
) o €)
ek (z;) Z el (21)

Moreover, 0x*/00; = T(k*, ux*, 1)00* /00;.

The intuition of Lemma 3 is the following. At the individual level, an
increase of 0; implies an increase of consumption z;(6) and a decrease of
labor [;(#) for agent 4, and a decrease of consumption z;(#) and an increase
of labor 1;(0) for agent j 13 Therefore, at the aggregate level, an increase
of 0; generates larger aggregate consumption x* and labor £* if agent ’s
reaction is relatively stronger with respect to consumption and relatively
weaker with respect to leisure than agent j’s reaction. This property is
obtained under condition (21).

Building on Theorem 1 and Lemma 3, we need to introduce condi-
tions that characterize the relationship between the aggregate steady state
and the distribution of individual wealth. Consider the bounds A; and
I';, j = ¢ f, defined by (34) and (35) in Appendix 9.3. Let us denote
T, = DT [ () — Aj] and (¥, @) € {(Ac, To), (Af, Y1)}

Definition 5. Let (¥,®) € R? be given. Agents i and j are said to
be elasticity-ordered for (¥, ®) if and only if one of the following sets of
conditions hold:

i) (1) eb(w) < il eb (@), o/ (%) < ¥ and 7/(67) > &,

ii) & (1) /b)) > €i(l) /e (@), p(a%) > W and 7/ (¢") < @,

Conditions i) and ii) are motivated by the result in Lemma 3. They ensure
that the aggregate labor supply is a decreasing or an increasing function of
the share of capital 6; owned by agent ¢ and thus require different properties
for the slopes of p(z*) and ~(£*).

Definition 5 introduces crucial conditions that can be satisfied in two
different circumstances: either when agents have homogeneous preferences

139ee Appendix 9.1 for a proof of this statement.
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characterized by non-linear p;(x;) and 7;(l;) (i.e., non constant elasticities
€' (x;) and €}(l;)), or when agents have heterogeneous preferences. This is
related to the fact that the non-linearity of the social absolute risk tolerance
indices p(z*) and v(¢*) does not require the non-linearity of the individual
absolute risk tolerance indices.!*

The following Theorem is the most general result of the paper. It shows
that under the stated conditions a sufficiently high level of wealth inequality
leads to endogenous business cycle fluctuations in a neighborhood of the

steady state.

Theorem 3. Let Assumptions 1 and 2 hold. Let 4?’@) be the restriction of

<1 to the pairs of elasticity-ordered agents for (U, ®) according to Definition
5. Then there exists a distribution 0° such that one of the following cases
holds:

1-1If (U, ®) = (Ae, Ye) and Assumption 3 is satisfied, the steady
state is saddle-point stable with monotone convergence for any economy E
such that 6 —<§\p’©) 6° and is saddle-point stable with oscillations otherwise.

2 - If (U,®) = (Af,YTs) and Assumption 4 is satisfied, the steady
state is saddle-point stable with oscillating convergence for any economy E
such that OF <(I\Il’¢) 6° and is unstable with oscillating divergence otherwise.
Moreover, there generically exist saddle-point stable period-two cycles for
any economy E characterized by a distribution 8F in a right neighborhood

of 6°.

The intuition of this result is as follows. As labor is endogenous, the
aggregate steady state (z*, £*) directly depends on the distribution of initial
shares of capital § = (0;)!" ;. Depending on whether (z*,¢*) is increasing
or decreasing in some given share 6;, Definition 5 provides restrictions on
the slopes of p(x) and 7(¢) to generate the basic mechanism at the core of
Theorem 3: increasing the dispersion of wealth through a bilateral transfer
translates into a social utility function with less curvature with respect to
consumption (higher p(z*)) and larger curvature with respect to labor (lower

7(£7))-

“Building on Wilson [40], Hara et al. [24] show that the social absolute risk tolerance
index for consumption is non-linear even when the individual indices are linear provided

there is heterogeneity in utility functions among some agents.
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Theorem 3 is particularly useful to analyze two specific configurations.
The following two subsections are dedicated to this investigation.

7.1 Heterogeneous CRRA preferences

We consider the case of heterogeneous preferences with a CRRA utility
function such that

Ui(a', £7) = 2} 7 /(1 — 05) — (T — L) "T5/(1+ %) (22)

with o; > 0 and v; > 0. Consequently, € (x;) = 1/0; and €i(l;) = 1/,
with I; = [ — £;. Consider a transfer from agent j to agent i with 6; > Hj.15
It follows that the conditions on the elasticities in Definition 5 introduce
a correlation between the heterogeneity of wealth and the heterogeneity of
preferences.

In case ii), the restriction e{(lj)/e?;(xj) > €i(l;) /€ (x;) becomes 0;/7v; <
0j/v;. In particular, this is satisfied if the richer agent i, who receives a
higher share 6;, is characterized by a higher risk-tolerance with respect to
consumption (o; < o) but a lower risk tolerance with respect to labor (v; >
7;) than the poorer agent j. Note also that since the individual absolute
risk tolerance indices are increasing functions, the aggregate absolute risk
tolerance indices are also increasing functions of consumption and labor:'6

Pla)=Yr, 55t >0, () =Y, Gt >0

For a given set of technologies leading to the bounds (A¢, Ay, Y., Ty), suf-

ficiently low values for the o;’s, and sufficiently large values for the ~;’s,
i=1,...,n, allow conditions ii) of Definition 5 to be satisfied. In this case,
an increase of wealth inequality generates endogenous fluctuations. This
configuration is similar to the one covered by Theorem 2 with homogeneous
agents in which the individual elasticity of intertemporal substitution in
consumption is required to be large enough.

However, the consideration of heterogeneous preferences also allows to
get a positive correlation between wealth inequality and output fluctuations
under quite different conditions. If o;/v; > 0;/v;, i.e., if the richer agent
¢ is characterized by a lower risk-tolerance with respect to consumption

5Note that several transfers can be considered consecutively.
16Using Theorem 1 and Remark 1, and applying the same methodology as in Appendix
9.1, it is easy to show that dz;/dx > 0 and 9l;/0¢ > 0 for any i = 1,...,n.
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(0; > 0;) but a higher risk tolerance with respect to labor (v; < ;) than the
poorer agent j, conditions i) of Definition 5 are satisfied for sufficiently large
values for the o;’s but without any restriction on the 7;’s.!'” In this case,
an increase in wealth inequality generates endogenous fluctuations when
the individual elasticities of intertemporal substitution in consumption are
sufficiently low.

7.2 Homogeneous preferences with non-linear individual ab-
solute risk tolerance index

We consider the case of homogeneous preferences characterized by non-linear
individual absolute risk tolerance indices. This is a very large class of pref-
erences (in fact it is even an open and dense set). However, as what matters
for the analysis is the slope and curvature of the absolute risk tolerance
indices, we restrict the analysis to preferences leading to indices p; and ~;
with a dominant power term. Formally, we focus on the specific class of
preferences generating the following risk tolerances:
pilwi) = I and yi(ly) = EEL = 1

with 0, 0,7, v >0, 0p# 1, v#1and £; =1 — ;.8

The restriction eg(lj)/egc(xj) < €e(l;)/€(x;) becomes in this case
(zi/x)?~ 1 < (I;/1;)V~L. As 0; > 0;, we get from the normality of con-
sumption and leisure that x; > x; and [; < [;. Therefore, when ¢ > 1 and
v > 1 case ii) of Definition 5 applies as we have e{(lj)/egc(xj) > el(l;) /€l (x4).
Moreover, we easily compute

. p—1 ) ll_/—l
P =TI B 0, (0= S, B

For a given set of technologies leading to the bounds (A., Ay, Y, Ty), suf-

ficiently low values for the o;’s, and sufficiently large values for the ~;’s,
i = 1,...,n, allow conditions ii) of Definition 5 to be satisfied. Conse-
quently, when individual risk tolerances are convex functions, an increase of

"Indeed, v'(£) > 0 while Y; < 0 as soon as p'(z) < A;, i =c, f.

8This class of preferences is large and represents a minimal deviation from the CRRA
formulation (see Gollier [22]). Choosing values for ¢ and v close enough to 1 allows
individual absolute risk tolerance indices to be considered arbitarily close to the linear
formulation characterizing CRRA utility functions.
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wealth inequality generates endogenous fluctuations if the individual elas-
ticities of intertemporal substitution in consumption are large enough but
the individual elasticities of labor are low enough.

However, a positive correlation between wealth inequality and output
fluctuations can also be obtained when ¢ < 1 and v < 1, i.e., with concave
individual risk tolerances. Conditions i) of Definition 5 are indeed satisfied
with sufficiently large values for the o;’s but without any restriction on the
~;’s. Under concave risk tolerance indices, an increase of wealth inequality
still generates endogenous fluctuations provided the individual elasticities of
intertemporal substitution in consumption are low enough.

7.3 The empirical plausibility of the configurations

The analysis of these two specific configurations shows that the results of
Theorem 3 do not rest on the properties of the curvature of the individual
risk tolerance indices. Indeed, contrary to Ghiglino and Venditti [21], a
positive correlation between wealth inequality and output fluctuations can
be obtained with linear, convex or concave p;(x;) and ~;(l;).

We now evaluate the plausibility of the conditions stated in Theorem 3,
and discussed within the two previous configurations, in light of the available
empirical findings. First, the restriction on the capital intensity difference
across sectors is compatible with recent empirical evidence. In particular,
building on aggregate Input-Output tables, Takahashi et al. [37] have shown
that over the last 30 years the OECD countries have been characterized by a
consumption good sector that is more capital-intensive than the investment
good sector.'?

Second, Guiso and Paiella [23] provide an empirical investigation of ab-
solute risk tolerance for consumption. Household survey data are used to
construct a direct measure of absolute risk tolerance based on the maximum
price a consumer is willing to pay to buy a risky security. The analysis shows
that risk tolerance is an increasing function of endowment.

Third, concerning the elasticity of the individual labor supply with re-
spect to the wage, Rogerson and Wallenius [33] have shown that the cor-
responding elasticities at the macroeconomic level are virtually unrelated

“Baxter [2] obtains similar results.
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to the micro elasticities, and are much larger than expected. The reason
for this discrepancy is attributed to the role of the participation decision
of women and the extent of early retirement. In particular, the empiri-
cal estimation at the micro level indicate that the wage elasticity of labor
belongs to (0,0.5) for men and to (0.5,1.25) for women (see Blundell and
MaCurdy [10]) while according to Rogerson and Wallenius [33] the corre-
sponding “macroeconomic” elasticity of the labor supply with respect to the
wage are is the range of 2.25 — 3.0.

Finally, while many standard RBC models usually assume a unitary
elasticity of intertemporal substitution in consumption, recent empirical esti-
mates provide divergent views. On the one hand, Campbell [14] and Kocher-
lakota [27] suggest the interval 0.2 — 0.8. More recently Vissing-Jorgensen
[39] has partly confirmed such findings showing that the estimates of this
elasticity are around 0.3 — 0.4 for stockholders and around 0.8 — 1 for bond-
holders and are larger for households with larger asset holdings within these
two groups. On the other hand, Mulligan [29] repeatedly obtains estimates
of one and above, i.e. around 1.1 — 1.3, using different estimation meth-
ods. Overall the estimates for the elasticity of intertemporal substitution in
consumption is in the range 0.2 — 1.3.

The two types of restrictions required by Theorem 3 for a positive cor-
relation between wealth inequality and output fluctuations are in lines with
these empirical findings. Indeed, first consider Case ii) of Definition 5. In
this case, individual elasticity of the labor supply is low and compatible
with micro estimates. When agents have heterogeneous CRRA preferences,
an increase of wealth inequality generates output fluctuations if the o;’s are
low enough and satisfy o;/v; < o0j/v;. On the other hand, when homo-
geneous preferences characterized by non-linear risk tolerance indices are
considered, the same result holds if the o;’s are low enough and p;(x;) and
vi(l;) are convex functions. In both these configurations, the focus on large
enough individual elasticities of intertemporal substitution in consumption
is supported by the findings of Mulligan [29].

Case ii) of Definition 5, i.e., low individual elasticities of intertemporal
substitution in consumption, is compatible with the estimates of Campbell
[14] and Kocherlakota [27]. When agents have heterogeneous CRRA pref-
erences, an increase of wealth inequality generates output fluctuations if
oi/vi > 0j/v;. When homogeneous preferences characterized by non-linear
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risk tolerance indices are considered, the same result holds if p;(z;) and 7;(l;)
are concave functions. In both configurations, the conclusions hold without
any restriction on the individual elasticities of labor supply and thus can be
compatible with the findings of Rogerson and Wallenius [33].

Remark 4. Note finally that under the assumptions in Theorem 3, if we
consider a benchmark economy characterized by endogenous fluctuations, a
rise in inequality leads to an increase in the magnitude of fluctuations.

8 Conclusion

We consider a two-sector optimal growth model with endogenous labor and
heterogeneous agents with respect to their initial capital shares and their
individual endowments. First, we prove that a positive correlation between
wealth inequality and output fluctuations arises when the individual wealth
is Pareto distributed and agents have homogeneous CRRA preferences. Sec-
ond, we extend this conclusion to general distributions of individual wealth.
These results are applied to economies in which the individual absolute risk
tolerance indices for consumption and labor are linear provided there is some
degree of preference heterogeneity across agents, and to economies in which
the individual absolute risk tolerance indices are non-linear and agents have
homogeneous preferences.

The model of this paper can be extended to a multi-sector optimal
growth framework with at least two investment goods. In such a case, in
addition to period-two cycles, quasi-periodic fluctuations can be obtained
as a result of increased inequality.?’ In a second extension, the set of util-
ity functions can be enlarged as to include habit formation, status effects
and other types of consumption externalities. The introduction of finan-
cial constraints can also reveal to be interesting. All this is left for future
research.

It should be finally noted that there is currently a renewal of interest
in the possibility that macroeconomic fluctuations could affect the distri-
bution of wealth, an issue we do not consider in the paper. For instance,

20See Benhabib and Nishimura [5] and Venditti [38] for the existence of Hopf bifurcation
in multi-sector optimal growth models.
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Caroli and Garcia-Penalosa [15] show that higher volatility increases in-
come inequality if agents with different endowments have different attitudes
towards risk,2! while Garcia-Pefialosa and Turnovsky [18] provide a simi-
lar conclusion through the effect of greater production uncertainty.?? Our
model could also be extended along these lines through the introduction of
stochastic technological disturbances (see Benhabib and Nishimura [8]).

9 Appendix

9.1 Proof of Theorem 1

Denoting k = k/¢, we derive from (13)-(14) and the first order conditions
associated with program (4) that an aggregate steady state can be defined
as a pair (k*, £*) solution of the following equations

M
(o9
<>
—~~
[\]
w
S—

— Pttt} — £k (5, s, 1), B (8, s, 1)) = 01 = 6(1 = )]~
W (T (s, ure, 1)) Ty, s, 1) = 0/ (€) = 0 (24)

Consider in a first step equation (23). The proof of Theorem 3.1 in
Becker and Tsyganov [4] applies so that there exists a unique x* solution of
(23). Consider in a second step equation (24) evaluated at x*. We get:

* * v/ (£ —
Ts(k*, ps, 1) = W(;)ml)) = o(0)

The function ¢(¢) is defined over (0,¢) and satisfies
o () = W (@ (O—u" @ (OT -

' (1.)2

This property together with the boundary conditions in Lemma 1 finally

guarantee the existence and uniqueness of a solution ¢* € (0, ) of (24).

Let us now consider the first order conditions corresponding to the indi-
vidual maximization of the intertemporal utility function (1) subject to the
intertemporal budget constraint (2):

Sul(ry) = miRy (25)

5%);([- lzt) == 7T7;Rt’wt (26)
Z Rz = Z Ry(w; + wilis) + Oimoko (27)
t=0 t=0

#1See also Cecchi and Garcia-Pefialosa [16].
*2See also Garcia-Pefialosa and Turnovsky [17].
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Vit > 0and ¢ = 1,...,n, where 7; is the Lagrangian multiplier associated

with the intertemporal budget constraint (2). From (6) we conclude that
14+d; = ret(I=pwpe _ _ Ti(ke,ye) —(A=p) To (kt,yt)

Pt—1 To(ki—1,y¢—1)
for any ¢ > 1 and 1 4+ dyp = r9/p—1 for t = 0. The Euler equation (13)

evaluated at a steady state z;; = x] gives 1 4 d* = 6~ ! and thus R; = d*.
Recall that from (6) we also get T} = r*, T3 = —p* and w* = T5. The
intertemporal budget constraint (27) evaluated along the stationary path
with k; = k* for all t > 0 and p_; = p* becomes z} = w; + w*l} + (1 —
0)0;p*k* /5, with p* = §v¥r*. We then get

wf o= w4 (1 — )R, (28)

with k* = k*/¢*. Using (25) and (26), we obtain
uh(wi +w i + (1= 0)Ir*k*0* 0, )w* = vi(l — I}) (29)
Assumption 1 implies lim;_jvj(l — ;) = +oo > uf(w; + w*l + (1 —
8)Ir*k*0*0;)w*. Therefore, if v)(l) < ul(w; + (1 — §)Ir*k*€*6;) for any
i =1,...,n, there exist unique interior steady state values for all individual

consumptions z;} and labor supplies [} solutions of equations (28) and (29).
Note that since equation (28) depends on 6; and w;, and ¢* = 37" | IF, we
conclude that x7 and [ are functions of the distribution of capital shares
6 = (6;)"_; and the distribution of individual endowments w = (w;),
namely zf(0,w) and [f(§,w). For all i = 1,...,n, consider finally equations
(28) and (29) expressed as follows:

n
x; —w; —wly — (1 —06)9r k" <Z ll*> ; = 0
i=1

ui(@w* —vi(l—1f) = 0

(30)

with 0, =1— 371, ;0 and wj =@ — 371, ., w;. Applying the implicit
function theorem, we now show that z}(0,w) and I}(0,w) are C*-functions.
The 2n x 2n Jacobian matrix of (30) with respect to (x}, )" is

J _ Jin Ji2
(ila) Jo1 Jao

Wlth J11 = Ian,

uf(xf) 0 .- 0 o= 0 .- 0
o : 0 ' :
Jop = w* . 7J22 = .
: . 0 : : 0
0 0 ull(ar) 0 e 0 1=
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and
J12 = —T*Ian + (1 - 5)197"*1*6*

1—6, 0, 0,
0, 1—0, 6, 0y
0,1 e 0 10,11 0, 0,1

y 1_292, 1_291, Zgi 1_291, 1_20"
7 @ & =
041 Ojs1 1—=6;11 Ojpr -+ O
0, 0, 1-6,

Consider the matrix B = Jog — Jo1J12. Tedious computations available upon
request show that |B| # 0 with sign|B| = (—=1)" and B~! = |B|~! [bij]?jzl
with sign b; = (—1)""! and sign b;; = (—=1)" for i # j. Therefore, the

Jacobian matrix J(,, ;) admits an inverse such that

1 ( Lusn + J19B Yoy —J12B™! )

(widi) — _B~1Jy, B!
Tedious computations available upon request also show that
Inxn + J19B ™ oy = | B | Bl Luxn + Ji2 [bij] Jo1] = | B [Cij]?,jzl
with sign c¢; = (—1)" and sign ¢;; = (—1)""! for i # j. The 2n x (n — 1)
Jacobian matrix of (30) with respect to 6 = (6;)7_; with 0; = 1-372 ., 0;
is

-1 0 --- 0 0 -0 eee e 0
0o . Co :
. . . . j—1
: . 0 . .
0 --- 0 —1 0 v cen e 0
1 1 1 1 line j
B o 0 .- .- 0O 0 -1 0 --- 0
Jo=(1—0)9r"k™L , . , .
: B - : } n—j
0 0 0 0 -1
0
0 0
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Similarly, the 2n x (n—1) Jacobian matrix of (30) with respect to w = (w;)7,
with w; = w — Z?:Li?éj wj is

-1 0 --- 0 0 - aee e 0
0o . Do :
. ) . . j—1
. . 0 . .
0 --- 0 —1 0 «-r cee aun 0
1 1 1 1 .- 1 line j
-1 0 0
Jy, = .
IR
: 0
0 0 0 0o -1
0
} "

We conclude from the implicit function theorem that z}(6,w) and [} (0,w)
are C''-functions with

-1 0 0
0
ou; Lt : SO
[‘%Lx(n—l) B Bl ] . 0 -1
1 1
and
ol — A=8)dr s w1y
[‘991‘}”(”71) B |B] &l
0
0
0 —uj i(zj )
0 0 *U;’+1($;+1) 0 s 0
0
0 0 0 0 —u;'(wii)

30




It follows that

oxy(0) _ (1=08)0r*k*0*(cij—cii)

o5, = 7] >0
8:6;(9) _ _(1—5)197"*%*3*(0]']'—0]'7;) <0

00; |B| (31)
) (176)7%*/{*11)*(*(bijug’(x;f)fbiiu;’(ac;‘))

90, 5] <0
o (0)  (1-8)9r*w*w*e*(bj;u] (x7)—bjiu} (z}))

90, ~ B] >0

Obviously, the same type of results are obtained for the partial derivatives
of 27 (0, w) and [f(,w) with respect to wj.

]

9.2 Proof of Proposition 1

In a one-sector economy with heterogeneous agents, Kehoe et al. [26] show
that the welfare weights are continuous functions of the initial capital stock.
This property holds because the value function of the planner’s problem (10)
is C2. However, in a multi-sector economy Santos [35] shows that the main
sufficient condition to get such a property is to assume strong concavity of
the indirect utility function V(ky, ki11) (see Assumption B and Theorem 2.2
in Santos [35]). On a compact set, a C? function V(k;, ki1 1) is strongly
concave if its Hessian matrix is non-singular and negative-definite. In other
words, the smallest eigenvalue of the Hessian matrix in absolute value needs
to be strictly positive over the domain of definition of V(k, ki+1). In our
model, the indirect social utility function also depends on #;:

V(kty ki1, b)) = w(w + T (key kep1 — (1 — ke, €)) — v(ly)
with ¢; a solution of equation (14):
' (@0 4+ Tk, kipr — (1 — ke, €)wy — 0" (8y) = ¢(ky, kg1, ) =0
Since under Assumptions 1 and 2
b3(kt, ki1, £y) = U (x)w? + o/ (x4)T33 — 0" (£) < 0

we derive from the implicit function theorem that ¢y = ¥ (ky, kiy1) with 9(.)
a C''-function such that

_ u(2t) (re+(1—p)pe)wetu' (z¢) (T31 — (1 —p) Tha)
u}l (kta kt+1) - = u”(wt)w?+u’(xt)T337v”(@t)
wQ(kty kt—‘rl) — ’M/(zt)T32*U”(33t)ptwt

- uw’ (ze)wi+u' () Ta3—v" (L)
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Then we obtain

V(kt, k1) = w(@ + T(kt, keyr — (1 — ke, ke, key1))) — v((ke, key1))

Now consider T'(k¢, yi, ;) with yp = kiy1 — (1 — p)ky and €y = (ke kig1).
Proceeding in a similar way as for the set of admissible paths D, we derive
that T'(k¢, ye, €¢) = 0 if and only if ki1 = h(ky). Assumption 2 implies that
there exists k& > 0 such that h(ky) > ky when k < k while h(k¢) < k¢ when
k> k. As a result, V(k¢, kry1) is defined over the compact, convex set

D— {(kt, kip1) ERLI0 <k <k, (1= p)ky < kg < h(kt)}

We know that T is homogeneous of degree 1 so that its Hessian matrix
Hyp(ky, k1) is singular for any (ky, kiy1) € D. As shown in Benhabib and
Nishimura [7] and Bosi et al. [12], we have

TlQ(k Yy, E) - _Tll(kv Y, E)b(kv Y, E)

Toa(k,y, £) = Tia(k,y, Dbk, y, £)?
Ti3(k,y,0) = —Ti1(k,y, O)a(k,y, () (32)
Tos(k,y, £) = Tui(k,y, O)a(k, y, O)b(k, y, £)
Ts3(k,y, €) = Tu(k,y, Oa(k, y, O)b(k, y, £)?
where
blk,y0) =5 (5 - %) (33)

and a(k,y,?) = k°/I1° > 0. Tedious but straightforward computations then
yield to the determinant of the Hessian matrix of V, which is equal to

_(@o)u (xe)v" (0)Th1 (bere—pe)*
[Hy| = w’ (x¢)wi+u’ (z¢) Tsz3—" () =0

with by = b(ke, kig1— (1—p) ke, ¥(ki, ki41)). Under Assumptions 1-2, Lemma
1 implies that |Hy| > 0 if over the interior of the set D we have byr—p; # 0 or
equivalently, T (k¢, ki1 — (1—p) ke, €) +b(ke, ki1 — (L—p) ke, €)1 (e, kg1 —
(1 — )k, £y) # 0. This property also implies that the value function of the

planner’s problem (10) is C2. O
9.3 Proof of Propositions 3 and 4

In Proposition 3, assume b € (—1/(1—p), —1/(2—p)]U[=6/(1+5(1—pn)),0)
and consider the critical values:
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592 pz*

Pe = ~HTHI-pmies = Do’
e (1) Ta-e)o+ 252 bl (1)) (34)
__ s \l—pb s *\ _ — *)
’YC - [1;8 17b#b+6,(9:| {1;5 1+1(i;£l)b+,0} [p(x ) pC] - FC [p(x ) pC]

with ¢ = [1—8(1—p)]™!, pe > 0, and 7. > 0 for p(x*) > p.. The rest of the
proof is adapted from Bosi et al. [12].
In Proposition 4, assume b € (—1/(2—pu), —0/(14+0(1—p))) and consider
the critical values:
25(14-6)02¢ o™

pf [1+(27‘u)b] |:§+[1+(17ﬂ)6}bj| e fl'
_ L ( 1,1@)2[(1_5)194_ L= [14-(2— )] [5+b( 148 (1~ )] ) -
=T [ Tl | (14.5)9] [ L2 SEOE00=0D) 4 95] [p(z*) — py]
S —p 5 e
=Ty lp(=*) - pyl

with 0 < p. < py, and 0 < vy < 7. when p(z*) > py. The rest of the proof

is adapted from Bosi et al. [12].
[]

9.4 Proof of Lemma 2

Ezistence and uniqueness. We need to show that for any given n € N there
exists a unique distribution I',(a) with probability measure p, such that
when p(s)n ¢ N, py,(s) is defined by |, (s) — p(s)| < 1/2n with p,(s)n € N,
and when p(s)n € N, u,(s) = u(s). Indeed, for any real number nu(s) there
always exists ns € N such that ny < nu(s) < ng + 1. This implies that
there exists a sequence {us} such that |us —nu(s)| < 1/2 with us = ns or
ns + 1 depending on which one is closer to nu(s). The sequence {us} thus
constructed exists and is unique. The distribution I'y () is obtained with
tn(s) = us/n.

Limit. Let the measure p be given. Then the inequality |uy,(s) — u(s)| <
1/2n implies that for any € > 0 and s € S there exists N, = Int[£] + 1
such that for all n > N, we have |u,(s) — p(s)| < e. This shows that the
sequence of distributions I'y(a) of measure p, converges pointwise in s to
the distribution I'(«) of measure p.

Implementation. Step 1: For a given a > 1 and a given pair of sectorial
technologies, we need to show that for a given n, there exist a distribution
of shares 0 with )" ; 6; = 1 and a distribution of individual endowments w
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with > , w; = @ generating this specific distribution of individual wealth.
The given pair of technologies implies the existence of a unique k*. As there
is a unique consumption good and agents have a common time discount
factor, along the steady state the distribution of wealth is identical to the
distribution of individual consumption. We have

(0, w) = w;+wli(0,w)+ (1 —0)drk*eo;
= w;+wl(0,w)+ (1 —290)vrkl; =Q;

with 6,9 some parameters and w,r that depend on x* but are indepen-

(36)

dent of the distributions of shares # and individual endowment w. Further-
more, u,(z;(0,w))w = vi(l — 1;(§,w)) implies that [;(§,w) can be written
as a function of x;(f,w). Assume that the vector of individual consump-
tion (z1,22,...,xyn) is given. Then, both z* = Y | x; and £* > | l; are
given and can be computed. Therefore, using the fact that » ;' ,6; = 1,
> w; = @ and summing over the agents the budget equation (36), we

obtain
¥ = w4 wl 4+ (1—0)drk*t* (37)

and we derive the associated value for @. As equation (36) holds for each
agent i, we obtain a system of n equations. We know from the proof of
Theorem 1 that the associated Jacobian matrix has rank n — 1. Therefore,
using at least n — 1 parameters over the 2(n — 1) given by (6;,w;)! ;, from
(36) we can compute for each x; the corresponding 6; and w;.

Step 2: We now consider a sequence of economies indexed by n. For
each n we repeat step 1. ]

9.5 Proof of Theorem 2

We first assume that individual wealth is distributed according to an exact
distribution I'(«). Implicitly, the set of agents is described by a continuum
of mass 1. We will subsequently show that the result holds for I', (o) when
n is sufficiently large.

When normalized incomes follow exactly a Zeta distribution along the
steady state, normalized individual consumptions Z; = x; /@i, also follow a
Zeta distribution. Under a CRRA utility function, the corresponding value
of p(z) is given by

L L ey = Tl =) o
SZIC Pl = == =ale) (39)
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where ((a) = > o2, s~ is the Riemann Zeta function.

Proceeding similarly for risk tolerance to leisure, from the first order
condition (14), we derive under a CRRA utility function that leisure is
related to consumption as follows

l, = $;0/7w1/7 (39)
Combining (38) and (39) we then get

x /Y g1/ C(a—l—%) _

W) = BEEEEED () (10

The properties of the Riemann Zeta function imply that p(«) and 7(«) are

respectively decreasing and increasing in a.
Using Propositions 3 and 4, we first need to show that p(z*) > p; = Ax*
for i = c or f, or equivalently

3 e Az STmin C(Oé - 1)
- = minAii
P> D oy on — mnhi Ty )
Using (38) we then get 1y, (42)

Let us assume that this inequality is satisfied so that p(z*) is always larger
than p;. Now, we need to show that (¢*) can cross the critical value v; =
Ly [p(x*) — pi] for i = c or f, or equivalently

- —1

(@) 2 wminli [£ - A;] 50 (43)
Using (40) and (43) we then get

Clatd) o 14o/v 4Ty [l _Ai] (44)

Cla—1) < *min /7 lo

The left-hand-side is an increasing function of « taking values on the interval
(0,1). Therefore, the critical value v; can be crossed by varying « if and only
if the right-hand-side is strictly less than 1. This can be obtained for an open
set 2 of values of o and 7. Let @ be the critical value of o such that (43)
is satisfied with an equality. In such a case, as inequalities increase when
a decreases, the occurrence of endogenous fluctuations is always obtained
from an increase of wealth inequality.

We now show that the result holds for I', () when n is sufficiently large.

)

From Lemma 2 we know that lim,—+oopin(s) = 5(7;) Consequently,

tim 2 =37 i pa(s)ota() = Y- 2 plals) = i)
s=1

n—oo  n

Similarly, we derive that
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lim = ()

Let G(I', (o) be the Gini index associated to the distribution I',,(cv). Because
of the continuity of the functions involved we get that

lim G(T(0) = 5

Yn(£)

2a—1

From Lemma 2, we know that I',(«) is implementable for v in a neighbor-

hood of a.
]

9.6 Proof of Lemma 3
As 05(0) = Y " 17(0) and z*(0) = > -, x5 (0) with [f(0) and z}(#) some

i=1t i=1 7T
Cl-functions, ¢£*(#) and x*() are C'-functions. Moreover, we have

o0 (0) <= AL (0)
90, 00,

Recalling that 6; = 1 — Z?:Li;éj 0;, tedious computations available upon
request give from (31) in Appendix 9.1

ot () (175)1%*5*w*é*vg’([flf)v;-’(ifl;) |: u;’(a?j) u;’gl’

oI (=15) (-

a0, B]

< T [0k =) +w*ui(=)]
ki
Under Assumption 1, we know that sign [Tiri; [ (1= 13) + w*u)(x})] =
(—=1)"~2 and thus sign|B] [ jlog (0= 15) + wull (z3)] = (=1)2"=D > 0.
It follows that 0¢*(0)/06; > 0 if and only if
A 7 (-1

Using (19) and (20), this condition becomes (e (I;)/€h(x;))(l;/x;) >
(e4(13) /€t (z;))(l;/x;). But, since consumption and leisure are normal goods,

>

we know from (31) in the proof of Theorem 1 that if §; > 0; and w; = wj,
we get x; > x; and ¢; < ¢;. It follows that l;/x; > l;/x;. The last result is
obtained from the fact that z*(0) = @ + T'(k*, ux*, 1)0*(6). o

9.7 Proof of Theorem 3

We focus on bilateral transfers between pairs of agents ¢ and j that are
elasticity-ordered according to Definition 5. First, consider the case in which
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Assumption 3 holds. Let us denote (.(6) = p(T*¢*(0)) — p. and &.(0) =
v(€*(0)) — .. Proposition 3 shows that the steady state is saddle-point
stable with oscillating convergence if p(z*) > p. and y(€*) < .. Therefore,
an increase of wealth inequality implied by an increase of the share of capital
0;, and thus a decrease of the share of capital 6;, leads to damped fluctuations
if (.(0) and &.(0) are respectively increasing and decreasing with respect to
0;. We easily get

20 — 00 () — A, Bl = 260 o) - DT [l (a7) - A

These derivatives are respectively positive and negative in the configurations:

i) if 90*(0)/06; < 0, p'(x*) < Ao and ~'(€*) > T.T* [p'(z*) — A],

i) if 90*(0)/00; > 0, p/(x*) > Ac and ~'(£*) < T.T* [p/(z*) — Ac).

The final result follows from Lemma 3.

Second, consider the case in which Assumption 4 holds. Let us denote
Cr(0) = p(T*0*(0)) — pr and £7(0) = y(€*(0)) —v¢. Proposition 4 shows that
the steady state is locally unstable with oscillating divergence if p(z*) > pf
and y(£*) < 7y, and vy is a flip bifurcation value so that there generically
exist period-two cycles, in a left neighborhood of 7, which are saddle-point
stable. Therefore, an increase of wealth inequality implied by an increase of
the share of capital 0;, and thus a decrease of the share of capital 6;, leads
to persistent fluctuations if (¢(0) and £.() are respectively increasing and
decreasing with respect to 6;. We easily get

0Cr (6 « OL* % 0&¢ (6 * * * %
G0 = 7080 (a7 — Ag], KGO = 2O () — Ty T* [ () — Ayl

These derivatives are respectively positive and negative in the configurations:
i) if 8(*(9)/891 <0, p,(l‘*) < Af and '7’(5*) > FfT* [pl(l‘*) - Af],
i) if 00%(0)/00; > 0, p'(x*) > Ay and ~'(£*) < T¢T™ [p/(z*) — Ag].

The final result follows from Lemma 3.
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