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Abstract

In the present paper we consider a class of dynamic economic models
in which the equilibrium price for the ¢ goods, p; € Rﬂ ., is obtained

as the solution to an autonomous system of the form

Z(ptfsa"wptw"apt‘hg) = O7Vt > 8

where S + 1 is the lifespan of the consumers and z : R(2S+D¢
X C R(S+DE 45 obtained by maximizing individual felicity. We
investigate both the existence and number of stationary solutions as

well as the existence of periodical solutions.
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1 Introduction

Economies are composed of agents, such as consumers and firms, imbedded in a
market structure. Economic models assume that these agents act according to
specified behavioral rules, as for example that consumers are utility maximizers.
However, the action chosen by each agent depends on the other’s actions. The
most attractive situation is the one of perfect competition in which the relevant
information the agents need in order to take their decisions is conveyed by prices.
An economic equilibrium is a situation in which prices are such that all markets
clear, i.e. the supply of goods (and factors) is exactly balanced by the demand
for these goods. Assuming that the economy expands over a discrete number
of periods, an equilibrium price is then formally defined as the solution to a

market clearing equation
Z(p) =0 (1)

where p € R? with T being the horizon of the economy, ¢ the number of
available commodities in every period and Z a map from RT* to RT*.

A striking fact of real world economies is that consumers and workers eventu-
ally die while the rest of the system can be assumed as eternal. The Overlapping
Generations Model (Samuelson (1958)) captures this structure. In such models,
the equilibrium price is an infinite sequence. However, due to the finite lifespan
of the agents, individual excess demand functions involves only a finite number
of periods. This imply that equation (1) can be decomposed in finite dimen-
sional blocs. The equilibrium price is then obtained as a solution to a higher

order non-linear difference equation of the

Zt(pt—Sa sy Pty 7Pt+S) =0

where S + 1 is the lifespan of consumers. A reasonable assumption is that the
model itself is stationary or time invariant, so z; = z. In this case, stationary
solutions as well as periodical solutions may be defined. In fact both have been
shown to exist in a variety of versions of the model. Note that cyclical solutions
are interesting since they may be interpreted as business cycles.

In principle, the dynamics depends on all the properties of the fundamentals,
such as endowments and preferences of consumers and technologies used by
firms.

In our model, production is left out so the model is a pure exchange econ-
omy. There is no reason to assume that the dynamic properties of the model are

independent, even qualitatively, of the characteristics of the consumers. Since



Balasko (1988) it is customary to assume that preferences are fixed and endow-
ments are parameters. This assumption appears to be justified by the fact that
an important task for economic theory is to design useful policies and policies
are expected to have no influence on the formation of preferences while they
typically are designed to affect endowments. In this setup, economies are pa-
rameterized by a vector of initial endowments w and equilibria are described by
a correspondence p(w).

In the present paper we analyze an overlapping-generations model in which
consumers live for several periods. This will make the analysis more complex
that the usual in which a lifetime of two is assumed (as in Ghiglino and Tvede
(1995)). We will investigate both the existence and number of stationary solu-
tions as well as the existence of periodical solutions. The analysis is carried out
for given but generic preferences while endowments are varied. The result will
be that for generical preferences there exist endowments such that the economy
has cycles and at least 2¢— 1 stationary solutions where £ is the number of goods
available in each period.

The paper is organized as follows: In section 2 the model is introduced while
the relevant dynamical system and the solution concepts are defined in Section
3. Section 4 focuses on the existence and number of stationary solutions. In
section 5 the stability properties of the steady states are analyzed. Finally, the
existence of periodical solutions is investigated in Section 6.

2 The model

A stationary double-ended pure exchange overlapping generations economy (or
OG economy for short) is considered so time extends from —oo to co. At every
date, a finite number ¢ of commodities are available and a finite number m,
where m > 2¢+ 1, of consumers are born. Consumers live for S+ 1 dates, where
S > 1, so at every date (S + 1)m consumers are alive.

A consumer is described by a consumption set X = RV an endow-
ment vector w; = (wW?,...,w?) € X and an utility function u; : X — R. An
OG economy Epg is described by the consumers in one generation because all

generations are identical except for their dates of births, so
Eoa = (wi,u;).
Consumers are supposed to satisfy the following assumptions:

(A.1) u; € C*(X,R) and u; '(a) is bounded from below for all a € R;



(A.2) Du;(z) € R(fjl” for all € X, and;
(A.3) 3/ D%u;(z)y < 0 for all z € X and y € RSTHE\ {0},

The set of functions which satisfy (A.1)-(A.3) is endowed with the Whitney
topology and the set of economies is endowed with the product topology.
The problem of a consumer in generation ¢ in an OG economy is to maximize

the utility subject to the budget constraint:

max  u;(2°,...,2%)
s.t. Zthrs xt = Zpt+s : w;
S S
. (S+1)¢
For all prices (p¢,...,pi4s) € RY and endowment vectors w; € X there

exists a unique solution to the problem. The demand function
fi= (s f5)  RETEXR - X

associates prices and incomes with solutions. The demand function satisfies:

o Walras’ law, so

Zpurs fi(pes - ,pt+S,ijt+j wf) = Zthrs Cwy;
S S

e homogeneity of degree zero in prices, so for all a > 0
fi(apta ce, QP4 S, Zsapt+s : (x),f) = fi(ph ey Pt+S, Espt+8 : wrf)7

e boundedness from below, so for all w; € X there exists v € R(STD such
that for all (pta . apt-‘rS) S RS_S:].)E

Ji(Pts - De4s, Do Prys - wWi) > 0,

and;

o smoothness, so f; € C‘X’(R(ﬁjl)[ x R, X).

3 Equilibria, steady-states and fibers

Definition 1. An equilibrium is a price system and a collection of individual

endowment vectors ((pt), (w;)) such that all markets clear, so for all t:

Zz.fis(pt—sa"'7pt—$+S7ijt—S+j (.UZ) = Zzwzs
s % s %



For an OG economy £og = (w4, u;) equilibria are solutions to an autonomous
difference equation in the sense that ((p:), (w;)) is an equilibrium if and only if

(pt) is a solution to the autonomous difference equation
Z Z JiPt—s, s Pt—s+s, ijtferj : wf) = Z wa
s i s i

Following Samuelson (1958), a golden rule steady-state is an equilibrium for

which the price vector is constant across dates.

Definition 2. A golden rule steady-state is an equilibrium ((p;), (w;)) for
which there exists a price vector p € R?H such that py = p.

A golden rule steady-state is written (p, (w;)) for simplicity.

In the analysis, the collections of individual utility functions are fixed and the
relation between the collections of individual endowment vectors and the set of
equilibria is in focus. Therefore for every price vector p € Rﬂ + and distribution
of incomes (w;), w; € R, the set of collections of individual endowment vectors
(wi), w; € X, such that (p, (w;)) is a golden rule steady state, with p->_ wi = w;,
is considered. The sets are linear manifolds and are denoted fibers.

In Balasko (1989) it is shown that for Arrow-Debreu economies, which are
defined in Section 4, the set of Walras equilibria has a fiber bundle structure.
As shown in Ghiglino & Tvede (1995) and Balasko & Lang (1998), a similar

result applies to OG economies.
Definition 3. 4 fiber F(p, (w;)) C R, x Rf_ﬁl)em

of golden rule steady states (p, (w;)) for which

, where w; € R, is the set

(F.1) p-> wi=w;, and;
(F,Q) Zs lels = Zs Zi fis(py"'ap7wi)7

and a restricted fiber F(p, (w;), (r*)) C F(p, (w;)), where r® € R® such that
Yo% =0, is the set of golden rule steady states (p, (w;)) in the fiber F(p, (w;))
for which

(F‘?) Zz(fz&(p7 oDy w’L) - UJ;) =re.

Remark: At golden rule steady states in a fiber, the intensity of trade between
generations vary, while at golden rule steady states in a restricted fiber the
intensity of trade between generations is constant, because

S0y powd) =)o S pyw) —0f)) = (0.0,

K3 2



It is shown in Ghiglino & Tvede (1995) that restricted fibers are non-empty,
linear manifolds of dimension ((S + 1)¢ —1)(m — 1). End of remark

All OG economies Eog = (w;, u;), where (w;) € pr, F(p, (w;)), have a steady
state where the price vector is p and the collection of individual consumption
bundles is (f;(p,...,p,w;)). However, for an OG economy, the collection of
individual endowment vectors may be in the intersection of more than one pro-
jection of a restricted fiber on collections of individual endowment vectors, so
an OG economy may have more than one steady state.

In the next section, properties of the set of golden rule steady states are

explored.

4 On the number of steady states

A pure exchange Arrow-Debreu economy (or an AD economy for short) with a
finite number of commodities £ and a finite number of consumers m is considered.
A consumer is described by a consumption set Y = R’, an endowment vector
m; € Y and an utility function v; : Y — R. An economy Eap is described by
the consumers, so Eap = (m;,v;).

The problem of a consumer in an Arrow-Debreu economy is to maximize the
utility subject to the budget constraint:

max  v;(y)

st. p-y = p-m.

If the utility function satisfies (A.1)-(A.3) for S = 0, then for all price vectors
p e Rﬂ 4 and endowment vectors m; € Y there exists a unique solution to the
problem. The demand function g; : Rﬂ 4+ xR — Y associates prices and incomes
with solutions to the problem.

Definition 4. A Walras equilibrium is a price vector and a collection of

individual endowment vectors ((p:), (m;)) such that all markets clear, so:
Zgi(pyp'ﬁi) = Zmu

OG economies induce AD economies. Indeed, for an OG economy Eog =
(wi, u), let m = Y wf and v;(y) = max{u;(2°,...,2%)| >, 2° = y}, then
Eap = (mi,v;) is an AD economy with ¢ commodities and m consumers.

The following two lemmas explore the relation between OG economies and

AD economies.



Lemma 1. (p, (w;)) is a golden rule steady state for the OG economy Epg =
(ui,w;) if and only if (p,(m;)) is a Walras equilibrium for the AD economy

Eap = (mi,vi).

Proof: Suppose that (p, (w;)) is a golden rule steady state for the OG economy
Eoc = (u;,w;) and that (p, (m;)) is a Walras equilibrium for the AD economy
Eap = (i, v5). Then fi(p,...,p, Y ,p-w;) solves the problem of consumer i in

the OG economy and markets clear
DD ilpy o p Xpewi) = DY Wi

if and only if g;(p, ;) = >, f7 (0, ..., p, >, p-w;) solves the problem of consumer
7 in the associated AD economy and markets clear

dooipm) = DD K Egpew]) = 303wl = D m

Hence, (p, (w;)) is a golden rule steady state for the OG economy o = (ui, w;)
if and only if (p, (m;)) is a Walras equilibrium for the AD economy Eap = (7, v;).
Q.E.D

Lemma 2. If u; : X — R satisfies (A.1)-(A.3), then v; : Y — R satisfies
(A.1)-(A.3) for S =0.

Proof: Suppose that u; : X — R satisfies (A.1)-(A.3) and for y € Y consider

the following problem
max  u;(z)

s.t. Z ¥ =y
S
then z is a solution if and only if there exists p € R? such that

Dou(z)—p = 0

Dsu(z)—p = 0
st = .

For all y € Y there exists one and only one solution, therefore let h; : Y — X be
the function which maps the parameter to the solution. Then v;(y) = u;(hi(y))



and according to the Implicit Function Theorem

1
m ZS: Dgui(hi(y))

Du;(y)

Di(y) = —— 35 D2ui(hi(y)).
S+1
ik

Hence, if u; : X — R satisfies (A.1)-(A.3), then v; : Y — R satisfies (A.1)-(A.3)
for S =0.
Q.E.D

The following two theorems are on existence and multiplicity of golden rule

steady states.

Theorem 1. For all OG economies Eoc = (wy,u;) there exists a golden rule

steady state (p, (w;)).

Proof: Follows directly from Proposition 3.2 in Kehoe & Levine (1984) or ac-
cording to Lemma 2 from Corollary 4.6.3 in Balasko (1988).
Q.E.D

Theorem 2. For all (p, (w;), (r°)) and an open and dense set of collections of
individual utility functions (u;) there exists an open subset of the restricted fiber
F(p, (w;), (r°)) such that if (p, (w;)) is in the open subset, then the OG economy
Eoc = (wi,u;) has at least 20 — 1 golden rule steady states.

Proof: Follows directly from Theorem 1 in Ghiglino & Tvede (1997).
Q.E.D

In the next section, properties of the local dynamics at golden rule steady

states are explored.

5 On the local dynamics at steady states

For an OG economy Eog = (w;, u;) equilibria are solutions to a difference equa-
tion in the sense that ((p;), (w;)) is an equilibrium if and only if (p;) is a solution

to the difference equation

Zfo(ptfs,~~7Pt7s+saszt7s+j'sz) = Zzwf
s % s %



At a golden rule steady state (p, (w;)), let the ¢ x f-matrices (J;x), where
J,k €{0,...,S}, be defined by

Tie = > (Dp fl (oo 00 o uw8) + Do fL(py 0,9 X wf)wl).

3

Both the ¢ x {-matrix
Dy, fl(p,- 0,0 X w5)
and the ¢-vector
Du (D, pip - 3 5)
are constant in the fiber F(p, (w;)) because neither the price vector p nor the
income w; = p- ) w; vary. Therefore the ¢ x {-matrix Jj;, is an affine function

of the endowment vectors (w¥, ..., wF ) in a fiber F(p, (w;)).

Let G(p, (w;)) C F(p, (w;)) be the set of golden rule steady states for which
the matrix Jyg has full rank. Then, according to the Implicit Function The-
orem, for all (p,(w;)) € G(p, (w;)), there exist neighborhoods U,V C R2?% of
(p,...,p) € R and Q C X™ of (w;) and a smooth function T': U x Q — V
such that (pi—s,...,pi+s), where ¢t = (pt—g,...,0t45-1) € U and ¢41 =
(Pt—S+1s---,Ptrs) € V, satisfies

ZZfis(ptfsa~‘~7ptfs+372jptfs+j'W{) = Zzwf
s % s A

if and only if
a1 = T, (wi))-

Furthermore, if ¢ = (p,...,p) € Risf and

Ks = Z ija

—j+k=s
then
I
DQF(Q7 (wi)) =
I
~Ki'K s -Kg'K_ gy -+ —Kg'Kgs1

The following lemma characterizes the pairs of eigenvalues and eigenvectors
of D,I'(q, (w;).



Lemma 3. At a golden rule steady state (p,(w;)) € G(p, (w;)), (A, V) € C x
C25 is a pair of an eigenvalue and an eigenvector of D,T(q, (w;)) if and only if

v
Av

)\25—17)

and
Y AT KW = 0.

Proof: Follows directly from the fact that at a golden rule steady state (p, (w;)) €
G(p, (w;)), (A, V) € C x C?% is a pair of an eigenvalue and an eigenvector of
D.TI'(q, (w;)) if and only if

D,I(q,(w))V —AV = 0.

Q.E.D
The following definition and theorem characterize the pairs of eigenvalues
and eigenvectors of D,I' on restricted fibers. For a complex vector V € CF,

let reV be the real part of V, imV be the imaginary part of V and V be the

conjugate vector of V.

Definition 5. S(p) is the set of collections of pairs of eigenvalues and eigen-
vector (A1, Vi), ..., (Aase, Vase)), where (As, Vi) € C x C*5¢, such that:

B.1) for all s there exists vy € C* such that
(

Us

AsUs

)\25—111‘;
(B.2) Xase =1 and vogy = p, and;

(B.3) for all subsets a of {1,...,25¢ — 1}, such that |a|] < (S 4+ 1)¢ —1 and if
j €athenk € a for A\, Vi) = (N, V;), the (S +1)€) x (|A| + 1)-matriz

Vs Vs p

)\fvs P

s€a se€a

has rank |a| + 1.
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Theorem 3. For all (p, (w;),(r®)), an open and dense set of collections of
indwidual utility functions (u;) and all (A, Vs) € S(p), there exists a golden
rule steady state (p, (w;)) in the restricted fiber F(p, (w;), (r®)) such that for all
s

Dyl'(g, (wi))Vs = AsVs = 0.

Proof: Only the case, where Ay € R for all s, is covered. However, the case
where Ay € C\ R for some s, may be covered by splitting in real parts and
imaginary part.

Let the ((25¢ — 1) +m — 1) x ((S + 1)¢(m — 1))-matrix A be defined by

A5 AL AN oasaAl Al

m—1
S 25¢—1 250—1 S 250—1 25¢—1
)‘255—1*41 e Al T )‘QSE—IAm—l e Am—l
A =
/ /
p PR p
/ /
p e p

where the ¢ x ¢-matrix A] is defined by

Af - Z)\g(owfg(pv Py wz) - Dwmfgq(pv Y 2 wm))vé
J

and let the ((25¢ — 1)¢ +m — 1)-vector B be defined by

—ASB!

S 250—-1
_)‘2Slle

wy

Wm—1

11



where the ¢-vector B® is defined by

B = Z)‘«j‘:kZDpkfij(pa---aP,wi)vs
ik i

+ Z )‘g_kamfZ@(pv By 2) wm) qu,k(p7 PRy 2) wi)lvs
7

gk

- Z /\(js.ikam frjn(p7 s Dy wm)rk/vs~
i,k

If the ((S + 1)¢(m — 1))-vector w is defined by

w1

Wm—1

then for all s, (Ag,vs), where Aogy = 1 and vagy = p, solves
S AT EKv, = 0
J

if and only if
Aw = B.

From the proof of Theorem 1 in Ghiglino & Tvede (1997) it follows that for
an open and dense set of collections of individual utility functions, all s and all
subsets b of {1,...,m — 1}, where [b| <1 — 1, the ¢ x |b]-matrix

((lefzs(pa Y 2 wi) - Dwmf;;(pa Y 2 wm))ieb)

has rank |b|. Then, according to condition (B.3) and some tedious calculations,
the matrix A has rank (25¢ — 1)¢ + m — 1. Therefore there exists w such that

Aw = B.

From the proof of Theorem 1 in Ghiglino & Tvede (1997) it follows that for
an open and dense set of collections of individual utility functions, the matrix
K has rank £.

Q.E.D

12



6 On fluctuations

The fact that A = 1 is an eigenvalue of D I'(g, (w;)) for all golden rule steady
states (p, (w;)) € G(p, (w;)) complicates the application of bifurcation theory to
the difference equation ;1T (qs, (w;)). Therefore, let S = {q € R71|||¢|| = 1}
and Sy, =SnN ]Risffl. Then for

1

1
B = {9€S++|E|QEVW(]:0},

the function A = (A, Ay) : AX Ry x Q — B xRy, where

1
T8, (wi)l
is a reformulation of I' : U x Q — V in polar coordinates. Clearly for (p, (w;)) €
G(p, (w;)) if (A1,...,Aag¢), where Ay € C and Agog¢ = 1, is the collection of
eigenvalues of D,I'(q, (w;)), then (A1, ..., A2gs—1) is the collection of eigenvalues
of DgAg(0, (w;)) and Aage = 1 is the eigenvalue of DA, (6,7, (w;)).

According to Theorem 3, the matrix DyAy may have almost all collections of

A7, (wi)) = ( (0, (wi), IT(0, (wi)ll)

eigenvalues on restricted fibers. Therefore, both the period doubling bifurcation
(associated with minus one as eigenvalue) and the Hopf bifurcation (associated
with a conjugate pair of complex numbers with modulus one as eigenvalues) may
be applied to Ay to establish the existence of periodic and aperiodic fluctuations.

From an economic point of view, fluctuations are of interest because they

can be seen as business cycles.
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