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Abstract: Methods of parallelising  grey-scale
coordinate transforms for medium-grained asyn-
chronous parallel processors are considered. The
thrice-skew rotation transform, polar and log-
polar transforms can all be parallelised by an
image-strip method. Where communication band-
width is limited or some form of shared memory is
available, an alternative method of parallelisation
is presented. Details of computational enhance-
ments and of interpolation considerations are pro-
vided. Specialised rotation algorithms are also
discussed.

1 Introduction

Although low-level image processing or pixel-based pre-
processing can generally be performed by data-
parallelism. the class of coordinate transforms require
nonlocal access to data. In this paper we consider paral-
lelisations of image rotation and of polar and log-polar
transforms. Image rotation can be used to align images,
or it can even be used before feature detection in one-
camera range-finding [1]. Polar and log-polar transforms
of frequency domain images can be used as part of the
Mellin transform, for which the magnitude is scale, rota-
tion and shift invariant [2, 3]. Polar transforms may also
be used to transform images distorted by space-variant
seidel aberrations, such as coma, so that they can be cor-
rected by space-invariant filters [4, 5].

We assume a message-passing model of parallelism [6]
with a distributed localised address space. If the under-
Iving hardware does not give adequate support to global
communication, it may be necessary to compromise with
an alternative arrangement, which is also applicable to
shared-memory machines. Initially, we used a transputer-
based tree-like topology [ 7], in which global communica-
tion could be achieved by a mixture of intratree links and
centralise switching for intertree messages. When we
implemented the algorithms in a parallel-Unix environ-
ment [8], the shared bus made such communication
problematic. Another rotation algorithm, which is
intended for finc-grained implementations, is given in [9],
when the coordinate grid is mapped to a hypercube using
reflected Gray code. This is a multiphase algorithm
capable of usec on a lock-step mode (SIMD) computer,
when it has computational complexity O(log, n).
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However, a scalable version on a mesh has complexity
O(n). In these terms, the present algorithms are of O(n),
but consist of one communication step and are not
intended for memory O(1) implementation.

2 Rotation algorithms

Raster scan methods of image rotation were introduced
to allow VLSI implementations of image rotation at
video rate [10]. Because the number of trigonometric cal-
culations is reduced they are also suitable for general
implementations. Since decomposing the rotation matrix
into two submatrices [11] introduces distortion from
scaling and is not a one-to-one mapping for some angles.
an alternative method, developed thereafter, is to use a
decomposition into three submatrices [12]

1 Ol smno 1 0
—tan(6/2) 1] 0 1 —tan(0/2) 1

when the half-angle trigonometric identities can be used
to establish the equivalence to

cos 0 —sin 0]
sin 0 cos 0
The method involves three skews, the first and last in a

horizontal direction and the intervening vertical skew as
illustrated by Fig. 1. Some form of interpolation will be
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Fig. 1 Thrice-skew rotation algorithm
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necessary where a skewed pixel does not map directly
onto the integer grid. The interpolation will depart from
the ideal because the combination of horizontal and vert-
ical skews will distort the region of support from the
ideal of a circle to an elliptical shape [5]. Linear inter-
polation was used.* If a binary image is used then it is
possible to use interval coding [14], in which case this
algorithm is particularly appropriate, as it is only neces-
sary to reassign the start and end run-length indicators
for each interval.

Graphics applications will prefer the complete rotated
image, in which case the target image will be enlarged to
the following dimensions [ 15]

X final = [ Yaim $in 0 + Xy, €08 6] + 1

Vsinat = [ Xaim SIN O + yy, cos 0] + 1
where x ;,, is the final row length and x,,, is the original
image row dimension. Image processing applications will
typically be content with an in-place mapping of the
source image to its rotated counterpart as sensor distor-
tion may affect edge regions. Fig. 2 was produced from

Fig. 2

Truncated image with central origin, size 1024 x 768

the complete image by shifting the origin and truncating
the image in memory space.

2.1 Parallel implementation

The image was divided into overlapping strips, in a
manner suitable for row-major addressing. Each parallel
task performs the first horizontal and vertical skews on
its strip. The horizontal skew will require a target buffer,
which may exceed the horizontal extension of the final
image

0
Xmax = Lxdim + Vaim tan EJ +1

Each vertically-skewed column can potentially occupy
anywhere within the whole of the target image’s equiva-
lent column. The solution is to split the target image into
strips and use new tasks to receive those parts of the ver-
tically skewed columns which occupy the appropriate
target image strip (Fig. 3). Each strip portion is refer-
enced by destination task, polar coordinates and length.
The advantage of this method is that, where communi-
cation can take place independently of the CPU, as is the

* This is not the only possibility. Choosing the best of three out of four
values [ 13] alternative interpolation schemes arc under investigation.
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case for the link engines on the transputer [16]. once the
destination is selected. calculation of the next column can
proceed in parallel. The destination for each column

new strip held by processor one

1\ numbers refer to originating
¥ i f processor

i I |

I [ )

Fig. 3
The new strip is held by processor |

a Part of strip must be truncated: (wo strip portions map onto new strip
b Three strip portions map onto new strip

No truncation occurs: tWo portions map onto new strip

Vertical skew results in two portions mapping onto new strip

Exactly one portion maps onto new strip

Portion maps partially onto new strip

Receirving strip portions at a destination tusk

portion is selected from a look-up-table (LUT) of target
image boundaries. When provision for threads is avail-
able [17], the receiver thread can be accommodated on
the same processor and within the same task as the gen-
erating thread, with limited context switching overheads.
particularly if linked-list context switching is supported
in firmware [18].

The final phase of the algorithm is the horizontal skew
of the target strips, which is performed on the receiver
tasks. Before this can commence, the receiver must ensure
that it has received all its column portions. A simple solu-
tion to this problem is to use a global broadcast from the
generating tasks, but this will not allow full parallelism.
The alternative is to precompile a LUT of expected
message numbers for cach receiver task and for cach of a
range of expected rotation angles. The difficulties with
the LUT approach are that

(i) the table may use up excessive memory

(il) the range of image sizes is not flexible, and

(iii) the construction of the LUT generating program is
not easy as the inverse mapping of the vertical skew
operation is further complicated by the need to allow for
boundary effects and fractional image strip sizes. The
number of messages can alternatively be calculated at
run-time, if the calculation time can be offset against
start-up operations on the other tasks.

Rotations of nn/2 for integer n are related to image trans-
pose algorithms. One goes between transpose and rota-
tion of n/2, and vice versa, by column reversal. A
transpose is one of a class of ordered rearrangements of
data specified by a bit-permutation vector addressing
method [19]. Remembering the maximum journey time
on a hypercube, the algorithm has complexity O(log, n
for memory O(1) machines. When this approach is
extended to arbitrary angles, one has the problem of
interpolation, except for binary images. The feasibility of
SIMD implementations for rotation and other affine
transformations will be dependent on what processing 1s
necessary later on. Rotation of binary images might be
better served by run-length coding of the image. com-
bined with the thrice-skew algorithm on a medium-
grained architecture. This usually means a MIMD
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Table 1: Parameters for successive skews and memory offsets

Positive angle

Negative angle

offset skew-factor offset skew-factor
2} 6 6
Horizontal skew 1 0O tan = Vam— 1) tan = —tan -
2 2 2
6
Vertical skew Kgim—1) sin 6 sin 8 “Veqim— 1) tan 3 sin 6 sin 8
2} 6 X 2] 2]
Horizontal skew 2 tan 3 tan 3 Xgim SIN 6 tan 2 +Xpnar = Xmax  tAN 2

implementation. Another topology suitable for transposi-
tion is the shuffle-exchange network. On fixed-valence
machines it is possible to map this topology to a de
Bruijn network in MIMD-style [20]. This and others are
specialist topologies, which cannot necessarily also be
used for the ubiquitous data-farm [21] because they do
not maximise bandwidth to the data farmer.¥

Apart from positive rotations (0 < 0 < r/2), the full
range of rotations was achieved here by including image-
flips and negative (clockwise) rotations. Image flips to
achieve a rotation of © can be made in parallel on a per-
strip basis. The strip identity must also be complemented

id

=8 —idy, — 1

new
where s is the number of strips. For each horizontal skew
the new x coordinate is chosen by x,,, = (skew-factor)
X Xpq + {offset). The offset is necessary to ensure the
skewed row remains within the computer’s memory
space, where the image origin is conventionally located at
the top left-hand corner as the image is looked at. The
values for the skews and offsets are listed in Table 1.
Although the number of messages passing between
processors was not small, Fig. 4, speed-ups were achieved

24000
22000}
20000+
18000 }
16000 o e
14000 ’
12000
10060
8000F

number of external messages

angle,degrees

Message numbers for parallel rotation

15 processors
12 processors
9 processors

by the strip method on a tree-like arrangement of trans-
puters. The timings depended on the angle of rotation
with larger rotations generating more messages, Table 2.

2.2 Distributed implementation
When the algorithm was transferred to a parallel-Unix
environment, utilising one of the recent message-passing

+ A number of serial methods exist for matrix transpose on a memory-
restricted computer (or for large matrices) [22-24]. but a parallelisation
of these will only be suitable for time-critical applications, as the speed-
up is S = p/log, n, where p is the number of processors.
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Table 2: Timings for various angles of rotation for a
1024 x 768 pixel image

Angle, degrees Timing, s

Number of processors

9 12 15 18

10 528 413 354 326
20 6.12 477 445 453
30 6.87 563 561 573
40 7.21 580 5.69 6.49
50 756 6.80 6.56 6.74
60 7.77 594 634 692
70 717 656 6.72 6.93
80 6.37 598 635 6.94

harnesses [25], it was found that the absence of threads
and the limited bandwidth on the shared bus made the
strip method unsatisfactory. If localised access to the
complete image is possible, either by shared memory or
local copies of the image, then an alternative, concep-
tually simpler, algorithm is possible. The target image is
divided into strips. Each row of the target image is
scanned, performing the inverse transform to locate the
matching position in the original image. As this will not
normally be an exact match on the integer grid, the sur-
rounding four pixels are selected, so as to use bilinear
interpolation. The timings can be enhanced by using an
incremental method, once the rotation calculation for the
first position is made, by observing that the difference
between the following two calculations is only cos f in
the x direction and sin 6 in the y direction.

cos 0 —sinf [ x | xcos 0— ysinf
sin 6 cos || v| | xsin®+ ycosd
cos sinf [ x + 1

sin 6 cos 0 ¥

xcos ) — ysin 6 + cos 8
x sin § + y cos ) + sin 0

This calculation method, which can also be applied in the
y direction, may be prone to rounding errors [10]. The
inverse-transform method takes constant time whatever
the angle.

Even with small images, using the inverse-transform
method gave no advantage as there is no local image
access. It can be concluded that for standard parallel-
Unix implementations there exists as yet no satisfactory
method of parallelising image rotation.

3 Polar and log-polar algorithms

This Section describes how the rotation algorithm
method was extended to polar-type transforms. The log-
polar transform differs from the polar transform only by
a different quantisation in the radial direction (Figs. 5-7).
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In Reference 3 a sequential log-polar transform phase is implementation, a strip method algorithm made it pos-
identified as the bottlencck in an otherwise parallel sible to use a similar hardware setup as for image rota-
implementation of a Mellin transform. In the present tion (Fig. 8). Using transputers on the Parsys Supernode

image loaded
via Ethernet

to Unix host

N TN

NN AN

worker processors arranged in linear ‘rees

after image
received
link 15
reconfigured

Fig. 8  Hardware arrangement using reconfigurable links for image
acquisition and data distribution

Fig. &5 Original 512 < 512 image A Abckas framestore
P PAL encoder
F  frame grabber
. ; 5 v D data manager

2 & S switch control unit

[26], a data-manager processor could service a number
of small groups of processors by means of link switching.
without the overhead of store-and-forward communica-
tion over a single large tree. A one-level ternary x-tree for
cach group is optimal, but the reduced scale of message-
passing for the polar-type algorithms made it easier to
implement linear trees. Also shown is a way of using the
reconfigurable link to acquire images directly, which is
advisable since the transputer does not have hardware-
assistance for memory management.

These algorithms were performed in an in-place
fashion using the same memory on the data manager for
the input and output image. A central origin is chosen.
thus restricting the message destinations for those tasks
holding strips in one half of the image to destinations in
the same half. The use of a central origin requires the
worker tasks to remap the x and y co-ordinate ranges. If
threads are used, the same task will also collect a range of
angles. A suitable mapping from the order of loading
image strips to the order of collecting results in a design-
ated angle range is shown in Fig. 9. To achieve an

Fig. 6  Polur transform

Fig. 7 Log-polar transform
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Fig. 9  Mapping of load order and angle range identities

optimal angular range it may be necessary to interchange
the dimensions for rectangular images (Fig. 10). If the
polar field is taken to be the inscribed circle, then it is
possible to fill the target image. However. in the parallel

TEE Proc.-Vis. Image Signal Process., Vol 142 No. 4. August 1995



algorithm, there are points in favour of using an ex-
scribed circle (Fig. 11).

For each radial spoke that is formed according to the
angular quantisation. cach task steps out on the segment
of the spoke falling across its strip (Fig. 12). In the figure,

360°
7
€
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3
>
bl

¢

0 max radius

radius 15 requantisect
Fig. 10 Quantisation of the target image for u parallel in-place compu-
tation

Target image has side lengths interchanged. Suitable quantisation is used to fit
angle range into original side length

Fig. 11

Polar transform. using an exscribed circle

rackat vector \
truncated /\
v P
_Aradial vector
~ 4 extendpd to
max-radius

boundary
ofatasks /

image strip angle range /

all radicl vectors within
the dashed boundaries are
sent to the same task

boundary mapped
out by max-radius
Fig. 12

Image strip geometry for an exscribed circle
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the radial vector is allowed to pass across the complete
strip. Where sampled segments fall outside the dashed
lines, these segments are relayed to the appropriate col-
lecting task. Within the dashed lines, the originating task
retains any sampled segments. At vertical strip bound-
aries, overlap can be used, but it may also be possible to
repeatl the preceding row where the image field is well-
correlated. Beyond the vertical edge the segment is set to
a background shade until the maximum radius is
reached. At horizontal edges, wrap-around is one poss-
ibility. When an inscribed circle is used. separate calcu-
lation is needed to find whether the radial spoke has
breached the limit of the circle. This calculation is not
necessary for an exscribed circle since the radial spoke is
always breached by the fixed boundaries of the strip.
Whatever the method, a number of trigonometric calcu-
lations are necessary to establish the boundaries of the
strips. For instance, the start of a worker task’s angular
range is given by arctan (y,:,/Xg,i,h Where Ng..0 Yy, are
given in the remapped coordinates. Message book-
keeping calculations are performed in a similar manner
to the rotation algorithm. The pattern of message passing
is unavoidably irregular. For instance. in the log-polar
case many more messages originate from the central
strips due to the nonlinear quantisation. A sample timing
using eight transputers is 9.44 s for a 1024 x 768 image
using a polar transform.

3.1 Inverse-transform method

An inverse-transform method. mapping to the target
image from the original, is simpler to implement. It also
has the virtue that consistent sampling in the output
image is ensurcd. This method is used in serial routines
[27]. Computational cfficiency can be enhanced by using
a LUT to map from the logarithmic quantisation to the
linear image scale, as indicated in pseudo-code

start = 1.0
finish = log(rowSize)
step = (finish — start)/rowDimension
for each line in the target image
lincRadius = exp(start + lineNumber * step)

Quick calculation of trigonometric values is accom-
plished by using an iterative method. based on De
Moivre's theorem. which also avoids rounding error [28]

=1

Gt = St G

N =exp (i) — 1
= 2i sin {0/2) exp (i0/2)
= —2sin%(0)/2) + i sin ()

If four tasks are used, the image is split into quarters
rather than into strips so that all calculation is self-
contained. A problem arises with identifying the origin,
which is conveniently avoided by a one-pixel overlap
upon the central pixel (Fig. 13). For even dimensions, the
central pixel is taken as offset by one from the actual
origin. This method avoids the quantisation errors which
otherwise arise, especially with logarithmic sampling.

As there is almost no contention, this method is
appropriate for shared memory or overlapped memory
machines [29]. For message passing machines, the
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method only slightly improves upon the rotation algo-
rithm equivalent routine if it is necessary to transfer each
quarter of an image. The method also scales weakly
because the data transfer load does not decrease when
more tasks are used.
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l :
H H radial sampling
i ' vector
; |
) '
Ry L e
: !
' designated !
! central pixel '
! ;
! i
N '
: !
\?\aone pixel otfset H
'
I
'
i task3 ! task 4
: |

Fig. 13 Coping with the origin

4 Conclusions

There are no obvious ways to parallelise the class of
algorithms given here, though an efficient parallelisation
would be advantageous for the range of applications
reviewed. For image rotation, polar and log-polar trans-
forms (as well as no doubt for other mappings not con-
sidered here) it is possible to use a generic strip method,
giving competitive, though not real-time, performance.
This method is most suitable when there is a good
compute-to-communicate ratio, as provided on modular
parallel machines, such as those that are based on the
transputer or the C40 [30]. Each parallel task performs
the initial stage(s) of the transform, passing output to
another set of processes responsible for collation of the
resulting image strips. An efficient implementation will
make use of threads or light-weight processes. Different
algorithms will require detailed consideration of the
correct mapping from the original to target image. An
alternative method, which avoids the mapping problem,
is to scan the target image, selecting from the original
image. This is most suitable for shared-memory
machines, where a way of limiting contention in the case
of the polar/log-polar transform is described. For parallel
environments which fall outside the two paradigms, it is a
moot point whether parallelisation is possible.
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