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Abstract

Wavelet transform coefficient encoders are broadly cat-
egorized as depending on correlations: across sub-bands
through a zerotree, or within sub-bands through a block
quad-tree. This paper proposes a unification framework
that allows a suitable algorithm to be crafted according
to need. An example block-tree algorithm is described in
detail, and results show that the performance closely ap-
proaches a state-of-the-art encoder, without needing the
complexity of arithmetic coding.

1. Introduction

The wavelet transform [5], using the common 9-7 tap
biorthogonal filter, produces a pyramidal subband struc-
ture. Due to the localized nature of the wavelet transform,
wavelet coefficients are correlated both spatially across sub-
bands and in frequency within subbands. Therefore, the
possibility exists of introducing compression by removing
these correlations. This paper sets out to remedy an appar-
ently surprising omission: there does not appear to exist an
algorithm that exploits both types of correlation.

The first-generation algorithm, zero-tree encoding [8],
took advantage of spatial coefficient magnitude correlation:
if a parent is insignificant, then its children are likely to be
insignificant. Second-generation improvements to this al-
gorithm tended to bifurcate between hierarchical tree en-
coding [7], and wavelet sub-band block-based methods [4],
using quad-trees. Unification of group testing mechanisms
[1] may be considered as a third-generation improvement,
and certainly the group testing concept has aided the under-
standing of these algorithms. [9] involves both a hierarchi-
cal tree phase followed by a block phase (to reduce memory
usage), though there is no fusion of the algorithms. It was
realized by us (and no doubt by others) that the two types
of encoder are in fact, parameterized versions of the same
algorithm. Following from this insight, a way of tuning an
encoder to a required performance by varying block size has
evolved.

2. Tree and Block Encoders

Figure 1 shows a three-level zero-tree with parent at sub-
band HL2, as well as a pixel-level tree with parent at sub-
band LH1 (zero trees can occur at various granularities). Al-
ternatively, (in)significant coefficients tend to be clustered
within a subband. In Figure 2, only one of the typical sub-
band’s quadrants has significant pixels. This is first encoded
by ‘0100’ to identify the position of that quadrant. Recur-
sively splitting the significant quadrant, results in the bit
stream sequence illustrated in Figure 2.
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Figure 1. Zerotree Encoding

We consider an example of each of these types of en-
coder:

SPIHT [7] descends hierarchically from a parent pixel in
the coarsest subband, to progressively quantize coeffi-
cient magnitude sets, bit-plane by bit-plane. All the de-
scendants of a parent pixel at the coarsest layer might
be collectively encoded by a single symbol as a ze-
rotree, i.e. no member is significant at that quantization
level. In SPIHT, trees may be further partitioned into
three sets: 1) the root of the tree, 2) the immediate de-
scendants, and 3) the remaining descendants. This is
because the statistical characteristics of the coefficient
sets differ as the tree is ascended. In fact, the partition-
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ing is recursive, once the pixel at the coarsest level has
been encoded. Whenever the finest level or a zerotree
is encountered then the recursion halts.

SPECK [4] is an example of block set encoding, whereby a
transformed image is recursively partitioned into sub-
blocks, achieving compression by single-symbol en-
coding of insignificant blocks. Recursion ends when
significant coefficients are found. The advantage of
block encoding is that small blocks, representing high-
frequency areas, are coded separately from larger areas
with low spatial-frequency content. In Figure 3, after
initial blocking of the pixelated image (with some sig-
nificant pixels shaded in), set S0 is initially block en-
coded in image I0. The block encoding order then pro-
ceeds, I1 through the remaining subbands at the same
level, S1,2,3, before turning to the remaining subbands,
S4,5,6,..., in I2.

It is apparent that SPIHT does not exploit correlations
between adjacent sets, whereas SPECK does not exploit
spatial correlations in subbands at different levels of the
fine-to-coarse pyramid. The contribution of this paper is to
propose a unifying framework for the encoding of transform
coefficients by these low-complexity methods. One advan-
tage of low-complexity is removal of delay: in [6] tests
are reported showing SPECK compared to JPEG2000’s VM
3.2A to be between 4.6 and 15.7 times faster in encoding,
and 8.1 to 12.1 times faster in decoding on the average over
a set of four images and a set of four rates, 0.25, 0.50, 1.0
and 2.0 bits/pixel.
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Figure 3. SPECK partitioning method

3. Unification of Zero-tree and Block Encoding

In this section, SPIHT and SPECK, representing the two
forms of coefficient coder are integrated in a unified struc-
ture. In Figure 4, the original image pixels have been par-
titioned into blocks, which align with the subband struc-
ture of the coefficient image. For the image of Figure 4,
three block trees are formed by identifying the head of
the tree as the coarsest subband. Having identified a sig-
nificant block tree, then individual blocks within the tree
are encoded in the manner of block encoding. However,
there is no necessity to identify the head of the tree as the
coarsest subband, as other block sizes can be chosen. In
fact, the block size can become a parameter, as the results
of Section 4 explore. More formally, the unification al-
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Figure 4. Conditional block encoding

gorithm is described as follows. Given an image, χ, of
size p × q with p = 2x, q = 2y for some integers x, y,
which has been transformed to level N , then the top-left



low-low frequency subband can be taken to form a block,
B

m,n
0,0 of size m × n,m = 2x−N , n = 2y−N . Note care-

fully that in this description, the values of m,n are de-
fined for convenience to coincide with the subband bound-
ary, while in fact according to the earlier remark, these val-
ues can be treated as parameters. In general, an arbitrary
block Bm,n

k,l consists of set of indexed wavelet coefficients
{ci,j | k ≤ i < k + m, l ≤ j < l + m}, (k, l being the
top left corner image coordinates of the block) and its direct
descendant blocks are

{Bm,n
2k,2l, B

m,n
2k+m,2l, B

m,n
2k,2l+n, B

m,n
2k+m,2l+n}. (1)

In a similar manner to SPIHT, define sets D(B) as all
descendants for block B and L(B) as all descendants ex-
cept the direct descendants. For some integer r define the
significance function, S(·) applied to set R as

Sr(R) =

{

1, max({|ci,j |}) ≥ 2r, ci,j ∈ R
0, otherwise. (2)

Also like SPIHT, define three ordered auxiliary lists:

1. LIB (List of Insignificant Blocks) to contain insignifi-
cant blocks of varying sizes with one or more member;

2. LIS (List of Insignificant Sets) to contain insignificant
sets (with more than one member); and

3. LSP to contain significant pixels/coefficients.

Entries in LIS can be of type A or B (corresponding to D or
L type descendants), receiving different processing in each
case.

After initialization, the encoder algorithm creates a tree
of blocks (in SPIHT fashion) before recursive partitioning at
the block level (in SPECK fashion), until significant coeffi-
cients are found in a block. Therefore, compared to SPIHT,
the unified algorithm, having identified significant block-
trees, delays output to the LSP until after a further block
partitioning step. The notional root of the tree is Bm,n

0,0 ,
which has three direct descendants. Thereafter, block quad-
trees are formed, rooted at the three direct descendants.

A complete description of the uniform quantizer is as
follows:

Algorithm overview

1. Initialization pass:

Output r = blog2(max({|ci,j |}))c, ci,j ∈ X; set
LSP= NULL; add B

m,n
0,0 to LIB; and put Bm/2,n/2

0,m/2
,

B
m/2,n/2

n/2,0 , Bm/2,n/2

m/2,n/2
in LIS, as type A entries.

2. Block Splitting pass: Codec B()

3. Block Tree Partitioning pass: Codec T ()

4. Refinement pass:

For each entry (i, j) in the LSP, except for those in
the previous pass, output the rth most significant bit of
|ci,j |.

Procedure: Codec B()

1. For each element Bm,n
k,l in the LIB, output Sr(B

m,n
k,l ).

2. If Sr(B
m,n
k,l ) = 1

• If (m 6= 1)&&(n 6= 1), for
B

m/2,n/2

k,l , B
m/2,n/2

k+m/2,l , B
m/2,n/2

k,l+n/2
, B

m/2,n/2

k+m/2,l+n/2

call Codec B() in each case; else, as Bm,n
k,l is a

single pixel/coefficient, add (k, l) to the LSP and
output the sign of ck.l.

• Remove Bm,n
k,l from the LIB.

else retain Bm,n
k,l in the LIB.

Until all the Sr(B) = 0.

Procedure: Codec T ()
For each entry Bm,n

k,l in the LIS do:

• If the entry is of type A

– Output Sr(D(Bm,n
k,l )).

– If Sr(D(Bm,n
k,l )) = 1 then

∗ For each of B
m,n
2k,2l, B

m,n
2k+m,2l, B

m,n
2k,2l+n,

B
m,n
2k+m,2l+n call Codec B().

∗ If L(Bm,n
k,l ) 6= φ then move Bm,n

k,l to the end
of LIS, as an entry of type B.

∗ Remove entry Bm,n
k,l from the LIS.

• If the entry is type B then,

– Output Sr(L(Bm,n
k,l )).

– If Sr(L(Bm,n
k,l )) = 1; then

∗ Add B
m,n
2k,2l, B

m,n
2k+m,2l, B

m,n
2k,2l+n,

B
m,n
2k+m,2l+n to the end of LIS as type

A entries.
∗ Remove Bm,n

k,l from the LIS.

In this algorithm, a simple form of rate-distortion control
has been employed by placing the call to Codec B() before
the call to Codec T (). The motivation behind this ordering,
is that only significant pixels contribute to the PSNR (Peak
Signal-to-Noise) performance. As Codec T () only gen-
erates block significance information, whereas Codec B()
generates pixel-level significance, Codec B() should come
first.



Lenna Goldhill
bpp 0.25 0.50 1.00 0.25 0.50 1.00
SPECK 33.37(dB) 36.49(dB) 39.65(dB) 30.21(dB) 32.58(dB) 35.67(dB)
SPIHT 33.70 36.85 39.99 30.22 32.71 36.00
EZBC 33.80 36.91 40.06 30.29 32.83 36.16
BT-1 33.68 36.83 39.98 30.20 32.67 35.99
BT-2 33.75 36.88 40.02 30.25 32.75 36.08
BT-4 33.76 36.88 40.03 30.26 32.77 36.10
BT-8 33.78 36.89 40.03 30.27 32.78 36.10
BT-64 33.79 36.89 40.03 30.27 32.78 36.10

Table 1. PSNR comparison for ‘Lenna’ and ‘Goldhill’ images.

4. Results

In Table 1, for two example 512× 512 standard test nat-
ural images, the result of encoding by the block-tree (BT)
method of Section 3 is compared with results for testing by
well-known encoders. EZBC [3]is a block-based encoder
with adaptive arithmetic encoding. The figures for SPECK,
SPIHT, and EZBC are taken from [2]. Notice that the ver-
sion of SPECK tested in [2] did not include arithmetic cod-
ing, unlike the original [7]. This version of SPECK also
employed a fixed block (zig-zag) scanning order with no
encoding of the final sub-block. All other algorithms in Ta-
ble 1 employed a fixed scanning order with simple encoding
of sub-blocks. The PSNRs are compared against a range
of bits-per-pixel (bpp) communication rates. There is an
approximate equivalence in algorithm between SPIHT and
BT-1. However, generally SPIHT is slightly better in PSNR
performance. Increasing the block size to 2 × 2 in the BT
family of encoders, makes BT more like SPECK, but its
performance is consistently better over the test images.

It is evident that in terms of total rate distortion, the
more complex EZBC algorithm in PSNR terms always out-
performs SPIHT and SPECK. However, by increasing the
block size the BT family of encoders can approach the per-
formance of EZBC, without its complexity. In general,
block methods outperform zerotree methods. As the BT
algorithm becomes less of a tree algorithm, and more of a
block algorithm, the PSNR performance is increased. As
previously noted, there is a limit to block sizes in the sense
that one would want the block size to fit into cache mem-
ory. On the other hand, the BT method moves towards a
parameterizable compression system, which can be crafted
according to needs.

5. Conclusion

This paper has shown that it is possible to amalgamate
the ‘zerotree’ and ‘quad-tree block’ algorithms, and that the
resulting algorithm can be adjusted according to block size

to be more zerotree like, or more quad-tree like. The amal-
gamation also helps make clear the relationship between
the two algorithmic types. By increasing the block size
the PSNR performance is incrementally improved, though
memory cache usage will be different. Remaining charac-
teristics such as the possibility of decomposition into sub-
images, and intermediate rate-distortion optimization re-
main available.
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