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Supplementary results

Derivation of (3) and (4): First observe that X,, = (1/M) ij‘ial ZTMn+j- Applying this
operator to (1) yields

Xn = ﬁ* Z TMntj—1 + 77 Z UNMnj- (A1)

7=0

Using backward substitution in (1) gives z; = M1z _nri1 + Z;ﬁiﬁz B*u_y. Setting ¢t =

Mn + j — 1 in this expression and substituting the resulting expression into (A1) gives

| M1 | M-1M-2 | M1
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7=0 j=0 k=0 j=0
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7=0 7=0 k=0
which yields (3) and (4) directly. O

Derivation of (5) and (6): From (4) it may be shown that U, has the representation

M-
L Z 1 <0,
U, = i Z oqupme where o = mi (A2)
l M 1— m

=1 > 5 1>0.

From (A2) and the white noise nature of wuy,
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the last equality following from some additional straightforward algebra.

Turning to wi, (A2) yields

M-—1 M-—1

M?E(U,_U,) = E CRUMnrh-M D ajuMnﬂ-)
—(M-1) Jj=—(M-1)
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Now E(unintjUunnik—n) = 02 if j = k— M, = 0 otherwise, so it is only those values of j =
k — M that contribute to the expectation above. Hence M2E(U,_1U,) = 02 S M | ap_prou,

and, substituting for ai_ s and ag, this becomes

M?E(U,_1U,) = Z( Z_: ﬁm) (i ﬁM‘l‘"> (A3)
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the final equality following from some further, but straightforward, algebra. O

Derivation of (7): From the definition of B it follows that

plim N5, Un Xty B(Un X )

limB = B L\Undn-1)
plim T NIy, X2 B(XZ_,)

the expressions for the probability limits arising due to the stationary and ergodic nature
of X,, under the assumptions of the model. Since X,, may be written X,, = Z(;io BjUn,j
it follows that E(X,1Un) = E3; BiU,_1-;U, = E(Uy,—1U,) = w1 because U, is MA(1).



Turning to E(X?2_,) it follows from (2) that

| M-l 2 M—1M-1
E (Xg—l) =k 5V Yo amnim | =M E(@Mntj-MTMnth-M)-
Jj=0 j=0 k=0

Since, for some v > 0, x; = Yx_y + Z;’;& ﬂjut_j, it follows that

v—1 ) v 2
E (zi2—y) = B'E (x,?_v) + ) FE (w—jri—y) = lﬁ_aﬁ2
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in view of E(u;—jz—y,) = 0 for j < v and E(z7_,) = 0?/(1 — 3?). Hence

_ o2 M-1M-1 k| o2 M(l _52) _ 26(1 —ﬁM)
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Combining (A3) and (A4) yields (7) as required. O



