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Supplementary results

Derivation of (3) and (4): First observe that Xn = (1/M)
∑M−1

j=0 xMn+j . Applying this

operator to (1) yields

Xn = β
1
M

M−1∑
j=0

xMn+j−1 +
1
M

M−1∑
j=0

uMn+j . (A1)

Using backward substitution in (1) gives xt = βM−1xt−M+1 +
∑M−2

k=0 βkut−k. Setting t =

Mn + j − 1 in this expression and substituting the resulting expression into (A1) gives

Xn = β
1
M

M−1∑
j=0

βM−1xMn+j−M + β
1
M

M−1∑
j=0

M−2∑
k=0

βkuMn+j−k−1 +
1
M

M−1∑
j=0

uMn+j

= βM 1
M

M−1∑
j=0

xMn+j−M +
1
M

M−1∑
j=0

(
uMn+j +

M−2∑
k=0

βk+1uMn+j−k−1

)
,

which yields (3) and (4) directly. 2

Derivation of (5) and (6): From (4) it may be shown that Un has the representation

Un =
1
M

M−1∑
l=−(M−1)

αluMn+l where αl =



M−1∑
m=|l|

βm, l < 0,

M−1∑
m=l

βM−1−m, l ≥ 0.

(A2)

From (A2) and the white noise nature of ut,

M2E
(
U2

n

)
= E

 M−1∑
k=−(M−1)

αkuMn+k

 M−1∑
l=−(M−1)

αluMn+l



1



=
∑
k

∑
l

αkαlE (uMn+kuMn+l)

= σ2
∑

l

α2
l

= σ2

M−1∑
l=0

(
M−1∑
m=l

βM−1−m

)2

+
−1∑

l=−(M−1)

M−1∑
m=|l|

βm

2


=
σ2

(1− β)2

[
M−1∑
l=0

(
1− βM−l

)2
+

M−1∑
l=1

(
βl − βM

)2
]

=
σ2

(1− β)2

[
M
(
1 + β2M

)
− 2β

(1− β2M )
(1− β2)

]
,

the last equality following from some additional straightforward algebra.

Turning to ω1, (A2) yields

M2E(Un−1Un) = E

 M−1∑
k=−(M−1)

αkuMn+k−M

M−1∑
j=−(M−1)

αjuMn+j


=

M−1∑
j=−(M−1)

M−1∑
k=−(M−1)

αjαkE(uMn+juMn+k−M ).

Now E(uMn+juMn+k−M ) = σ2 if j = k−M , = 0 otherwise, so it is only those values of j =

k −M that contribute to the expectation above. Hence M2E(Un−1Un) = σ2∑M
k=1 αk−Mαk

and, substituting for αk−M and αk, this becomes

M2E(Un−1Un) = σ2
M∑

k=1

 M−1∑
m=|k−M |

βm

(M−1∑
n=k

βM−1−n

)
(A3)

=
σ2βM

(1− β)2

M∑
k=1

(
β−k − 1

) (
1− βM−k

)

=
σ2

(1− β)2

[
β(1− β2M )−MβM (1− β2)

]
(1− β2)

,

the final equality following from some further, but straightforward, algebra. 2

Derivation of (7): From the definition of B̂ it follows that

plim B̂ = B +
plim N−1∑

n UnXn−1

plim N−1
∑

n X2
n−1

= B +
E(UnXn−1)
E(X2

n−1)
,

the expressions for the probability limits arising due to the stationary and ergodic nature

of Xn under the assumptions of the model. Since Xn may be written Xn =
∑∞

j=0 BjUn−j

it follows that E(Xn−1Un) = E
∑

j BjUn−1−jUn = E(Un−1Un) = ω1 because Un is MA(1).
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Turning to E(X2
n−1) it follows from (2) that

E
(
X2

n−1

)
= E

 1
M

M−1∑
j=0

xMn+j−M

2

= M−2
M−1∑
j=0

M−1∑
k=0

E (xMn+j−MxMn+k−M ) .

Since, for some v > 0, xt = βvxt−v +
∑v−1

j=0 βjut−j , it follows that

E (xtxt−v) = βvE
(
x2

t−v

)
+

v−1∑
j=0

βjE (ut−jxt−v) =
βvσ2

1− β2

in view of E(ut−jxt−v) = 0 for j < v and E(x2
t−v) = σ2/(1− β2). Hence

M2E
(
X2

n−1

)
=

σ2

1− β2

M−1∑
j=0

M−1∑
k=0

β|j−k| =
σ2

1− β2

[
M(1− β2)− 2β(1− βM )

(1− β)2

]
. (A4)

Combining (A3) and (A4) yields (7) as required. 2
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