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TECHNICAL APPENDIX

The appendix begins with a statement, without proof, of Theorem 1 which char-
acterizes the equilibrium price function in the case of i.i.d. disturbances. The building
blocks for the existence theorem (Theorem 2) with time dependent disturbances are
contained in lemmas 1-3. The proof of theorem 2 is followed by lemma 4 and The-
orem 3 which establishes a property of the equilibrium price function for positively
autocorrelated disturbances (Assumption 4a). The building blocks for the periodic
disturbances model are contained in lemmas 57, resulting in Theorem 4 which
characterizes the equilibrium price functions for epochs each of which comprises ex-
actly two primitive periods. Finally, Theorem 4’ provides price functions appropriate
for a generalization of the periodic disturbances assumption to a multi-period setting.

Assumption 1.

(i) The demand function, D : (po, p1) — R is continuous and strictly decreas-
ing on its domain with 0 < py < p; < oo and pli]%l D(p) = +oc.
—Po

(ii) 0 < P(w,) < p1, where w, denotes the infimum of the support for the
disturbance, w.

Assumption 2: 0 <0 =(1 —0)/(1 +r) <1,

The random process generating the shocks (‘harvest fluctuations’) is expressed by the
transition function Q°(w, w') which is interpreted as the conditional probability of
next period’s harvest, w’, given the observation w of the current period’s harvest.
That is,

Q*(a, A) = Pr{wyy € Alw, = a} (A.1)

is the probability that the harvest in period ¢+ 1 is a member of the set A, given that
the harvest in period t is equal to a. Each harvest, w, is assumed to be a member of
a set,

We={w € R| —0 < w’ <w <w < +4oo0} (A.2)

and (W?*, W*) is a measurable space, where W?* is the Borel algebra of sets for W?.
The superscript, s, indicates that the probability distributions of disturbances may,
in the most general case, differ across time periods.

Assumption 3a (i.i.d. disturbances). The disturbances w are identically and indepen-
dently distributed with compact support:

W={weR|-0<w<w<w< +o0}. (A.3)

Also, w, = w (see assumption 1).

Theorem 1. Under assumptions 1, 2, 3a there exists a unique price function f :
X — R, where X = {z|z € R, © > w}, such that f(-) is continuous, non-negative



and non-increasing and satisfies:
f@) = max [0 [ fl'+ (1= 8)e - DU, P@]. (A4

Proof. See Deaton and Laroque (1992). ||
TIME DEPENDENT DISTURBANCES.

In this case the time superscripts may be omitted, so that:

W={weR|-xx<w<w<w< +oo} (A.5)

Once again, w, = w (see assumption 1).

Definition. Given the measurable space (W, W), the transition function, @ : W x
W — |0, 1] is such that:

(i) for each w € W, Q(w, -) is a probability measure on (W, W);
(ii) for each A € W, Q(-, A) is a W-measurable function.

Assumption 3b. (Time dependent disturbances)

The transition function @ defined on W x W (where W denotes the Borel algebra of
sets for W) has the following properties:

(i)  For any continuous function h: (W x W) — R, which is bounded (with
respect to the Euclidean metric), the operator J defined by

(Jh)(w) = /W h(w, W)Q(w, dw'), for cach w € W (A.6)

is such that (Jh) : W — R is a continuous, bounded function.!
(i) Q(w, A) is continuous in w € W for each A € W.

Consider the functions f, g and associated mapping, T : g — f defined, for each
w € W, by:

Flyw) =max |0 [ gl(1 =)y +w = D(f(y, w)), w]Qw, du), Ply+w).
(A7)

In this case the Stationary Rational Expectations Equilibrium, SREFE, which is sought
takes the form of a function g(y, w) such that f(y, w) = g¢(y, w) for each w € W,
that is, f = T'f.

The function g is chosen to belong to the space G characterized by:

Definition. G is the space of functions g(y, w) such that:

! This requirement is an extension of the Feller property applied to transition functions. See Stokey
and Lucas (1989), p.220.



(i) The domain of g(y, w) is A = (Y x W) where Y = {y|y € R, y > 0}.

(ii) ¢(y, w) is continuous, non-negative, non-increasing in y and is continuous

in w.

(iii) ¢(0, -) < P(w), that is, the members of G are bounded above by the value
P(w) for every (y, w) € A.

Definition. The metric d(g;, g;), gi, 9; € G is defined by

d(gi, ;) = sup |gi(y, w) — g;(y, w)|.
(y, w) €A

The properties of G (in particular the boundedness of every g € G) guarantee that
the metric d is well-defined.

The subsequent presentation is simplified by introducing a function G' with domain
I' x W, where I' = {(p, y, w) | P(y +w) < p < p1, y €Y, we& W}, defined by:

Gla.y,w)=6[ o1 =)y +w — D(@). v|Qw, du).  (AS)

Lemma 1: 7" maps G into itself.

Proof. For any given ¢ € G, the proof shows that f = Tg € G by examining the
properties of the G function defined in equation (A.8).

That the function G is continuous in ¢, y, w, may be shown by an argument similar
to that of Stokey and Lucas (1989), pp.261-2. Choose a sequence (g, Yn, Wy) —
(q, y, w). It follows that

‘G(Q7 Y, U)) - G(CI7 Y, wn>| + ’G<Q7 Y, wn) - G(qn7 Yn, U)n)’
1G(q, y,w) — G(g,y,wn)| + H, (A.9)

|G(QJ Y, w) - G<Q7L7 Yn, wn>|

IA A

where

Hy = 9/W 19[(1=8)(y+w — D(q)), w'] = g[(1 = 8)(yn +wn — D(gn)), w']|Q(wn, du’).

Given that ¢ is bounded and continuous by construction, the first term in (A.9) tends
to zero as n — oo. Also since (¢n, Yn, wn) — (¢, y, w) as n — o0, there exists
a compact set, K C T such that (¢, y, w) € T and (g, Yn, w,) € K, for all n.
Because ¢ is continuous, it is uniformly continuous on the compact set K. That is,
for all € > 0 there is an N > 1 such that

]g[(l—é)(y—i—w - D(Q))? w/]_g[<1_5>(yn+wn _D(Qn))> w,]l <&, Vn > N> w' c W.

Hence H,, — 0 as n — oo thus demonstrating the continuity of G.



For any (y, w) € A, f(y, w) solves

max[G(g, y, w) — ¢, Ply+w) — g =0. (A.10)

The properties of the solution to (A.10) follow from the properties of G(gq, y, w). It has
already been shown that G is continuous. Since g is non-negative and non-increasing in
y, it follows that GG is continuous, non-negative and non-increasing in ¢, y. Moreover,
G — q is strictly decreasing in q.

Note from (A.10) that its solution must satisfy ¢ > P(y + w). Suppose that ¢ >
P(y + w); then, since ¢ is non-increasing in y, G(q, y, w) is non-increasing in ¢ and,

Glg, y.w) < G(Ply+w),y.w) = 0] g(0, w)Qw, du’)

< 0/ Q(w, duw')
= 0P(w) < 9]91 < m (A.11)

so that G(q, y, w) — g tends to a negative number as ¢ — p.

Atq = Ply+w),if G(q, y, w) — q = G(Ply+w), y, w) — Ply+w) < 0, it follows
from the monotonicity of G in ¢ that G(q, y, w) — ¢ is negative for all ¢ > P(y + w)
and the solution to (A.10) must be f(y, w) = P(y + w).

Alternatively, ifat ¢ = P(y+w), G(q, y, w) —q = G(P(y+w), y, w) — P(y+w) > 0,
it follows, again from the monotonicity of G in ¢, that G(q, y, w) — ¢ has a unique
zero root, ¢ = f(y, w) such that G(f(y, w), y, w) — f(y, w) = 0.

Thus the solution to (A.10) provides a function f(y, w) which is unique, continuous
and non-negative for (y, w) € A and non-increasing in y € Y.

It remains to show that, if ¢(0, w) < P(w), then f(0, w) < P(w) for any w € W.
Now, either (a) f(0, w) = P(w); or, (b) f(0, w) = G(f(0, w), 0, w).

In case (a):
[0, w) = P(w)
< P(w) since P(-) is decreasing, and w > w.
In case (b):
f0.w) = 0 gl(1=0)(w= D(f(0.w)), ) Qw, dw)
< 0 / g[0, w'|Q(w, dw') since the net carryover is non-negative
w
and ¢(-, w) is non-increasing,
< QP(M) since 9(07 ) < P(w)a
< P(w) since 0 < 0 < 1. (A.12)



Thus f = Tg € G, as asserted. ||

Lemma 2: T is a contraction mapping.

Proof. Choose any pair gg, g1 € G such that

91y, w) < goly, w) < gy, w) +a, V(y,w) € A (A.13)

where a is a positive constant. It can now be shown that the mapping 7" preserves the
inequalities.

Note, first, that G; < Gq from the definition of G (where the subscripts correspond
to different ¢ functions but evaluated at the same ¢, y and w).

Fix (y, w) € A and let gy denote the (unique) root of Go(q, y, w) — q = 0, if it
exists. Since G(q, y, w) < Gol(q, y, w), then G1(qo, y, w) — qo < 0. Hence the root,
q1, of G1(q, y, w) — g = 0 must satisfy P(y +w) < ¢ < qo, thus establishing that
Tg, < Tgy. Trivially, if either or both of the roots does not exist, the solution will
be ¢qo = P(y+w) or g1 = P(y + w), so that it is just possible that T'g; = Tgo.

Now consider T'(g; + a),
T(gl + a’) = maX[G(QQ(y7 U}), Y, w) + a, P(y +w)]

< fa + max[G(g2(y, w), y, w), P(y 4+ w)]

Thus,
Toi(y, w) < Tgo(y, w) < Toi(y, w) + ba. (A.15)

Now set a = d(go, g1) using the metric defined above. Then,

Tgo—Tg1 < ba
Tgo—Tg1| < 6a forevery (y, w) € A
d(Tgo, Tgr) < 0Oa = 0d(go, 91) (A.16)

establishing that 7" is a contraction mapping. ||

Lemma 3: The space G is complete in the metric d.

Proof. The assertion of this lemma is a well known result for sets of functions with the
properties of G and which are also normed vector spaces. (See for example, Stokey and
Lucas (1989), p.47.) Because G is not a vector space of functions, it is necessary to
check that it is complete. That this is straightforward may be verified from inspection
of the proof of Theorem 3.1 in Stokey and Lucas. The required modification of their
argument is given below.



For notational simplicity, denote \, k € R?, each vector being intended to represent
a member (y, w) € A, defined above. The space (G, d) is complete if every Cauchy

o

sequence {g,}>°_, with g, € G converges to a function g € G for all A € A.

First, it is necessary to construct a limit function ¢ corresponding to each Cauchy
sequence. By the definition of a Cauchy sequence, for any € > 0 there is an N, such
that d(g., gs) < e for every r, s > N.. For a given, arbitrary A € A,

l9-(A) — gs(N)] < §16111)\|9r("0) — gs(k)| = d(gr, 9s) < ¢ forr,s > N,

so that the sequence of real numbers, {g,(\)}, satisfies the Cauchy criterion. From
the completeness of R, the limit point g(\) € R, thus providing the required function

qg.
Second, it is necessary to show that g is the limit point of {g,} using the metric d.

For any £ > 0, it is possible to choose NV, such that d(g,, gs) < /2 for all r, s > N,
because {g,} is a Cauchy sequence. Fix A\ € A,

|9-(A) = g(N)] 19-(A) = gs(M)[ + 19s(A) — g(N)]
d(.gra gs) + |gs(/\) - g()‘)|

e/2+ |gs(A) —g(N)]. (A.17)

<
<

A\

By construction the sequence {g, ()} converges to g(A) so that s can be chosen for the
fixed A such that |gs(\) — g(A)| < €/2. Hence, d(g,, g) < ¢ for every r > N.. Given
that any € > 0 can be chosen, it follows that g is the limit point of the sequence.

Thirdly, it must be demonstrated that g is continuous, that is, for all A € A and any
e > 0 there exists a 6 > 0 such that |g(\) — g(k)| < € whenever ||A — k|lg < §
where || - ||z denotes the Euclidean norm in R?. Fix A and € and choose g, such that

d(g, gs) < ¢/3.

Now, since g; is continuous, it is possible to choose  such that |A — k||p < § implies
lgs(A\) — gs(k)|] < £/3. Hence,

19(A) —g(8)] < g(N) = gs(N)] + 1gs(N) = gs(K)] + [gs(r) — g(x)]  (A.18)
< d(g, gs) +19s(N) — gs(k)[ + d(g, gs) (A.19)
< € (A.20)

as required.

Finally, that the limit point g is non-increasing, non-negative and satisfies g(0, -) <
P(w) follows from the continuity of g and the convergence of the {g,} sequence for
every A € A. ||



Theorem 2. Under assumptions 1, 2, 3b there exists a unique price function f :
A — R, such that f(-, ) is continuous, non-negative and non-increasing in its first
argument and satisfies:

Py w) =max |0 [ f1(1=0)(y+w ~ D(fly, w)}, w)Qw, du'), Ply +w) .
(A.21)
Proof. The proof demonstrates that T has a unique fixed point.

Choose any gy € G and consider the sequence:

9o, 91=Tgo, g2 =Tg1, ..., g = Tgi1,

The definition of d implies that d(g;_1, g;) < 6" "'d(go, g1). Hence, from assumption 2,
the sequence converges uniformly. Denote the limit of the sequence by f. Then from
lemma 1, f € G.

To show that the limit is an equilibrium, that is, T'f = f, consider

dTf, f) < dTf.T"g0) + d(T"go, [)
< 0d(f, T" 'go) + d(T"go, f) Y n, go € G (A.22)

Both terms on the right hand side of the inequality tend to zero as n — o0, so that
d(Tf, f) = 0 and f is an equilibrium.
To show that the equilibrium is unique, suppose that f € G is another solution
Tf = f. Then,

0<a=d(f, f)=d(Tf, Tf)<0d(f, f)=ba

which is a contradiction. Hence f is unique. ||

Assumption 4a. (Positive autocorrelation)
For any function h(w’) which is non-increasing (resp. non-decreasing) in w’, the tran-
sition function, Q(w, w’), is such that

| h)Qun, dw') < (resp. =) [ h(w)Qws, du) (A.23)

for all w; > wy such that wy, wy € W.

Lemma 4. Let T : G — G be a contraction mapping with f = Tf € G. If
G’ C G is closed and if T(G') C G/, then f € G'.

Proof. See Stokey and Lucas (1989), p.52. The proof shows that, starting from any
function in G’, the repeated application of the operator T' generates a convergent
sequence of functions in G’ (by hypothesis). From the assumption that G’ is closed
in the metric d, it follows that the limit point of the sequence is also a member of G’
as asserted. ||



Theorem 3. Let f(y, w) denote the unique SREE defined in expression (A.21). Then,
under assumptions 1, 2, 3b, 4a, for eachy € Y, f(y, -): W — R is non-increasing.

Proof.

Let G' C G be the set of functions in G which are non-increasing in w. From
lemma 4, it suffices to show that for any ¢ € G’ it follows that Tg € G'. To see
that this is indeed the case, let ¢ € G’ and choose W > w; > wy > w. Define the
function G(q, y, w) corresponding to g(y, w) as in expression (A.8), above.

Thus,

Glg,yw) = 0] gl0=d)(wi+y—Dlg). vQur, duw)  (A24)

Glg, y.ws) = 0] gl(1=8)(ws+y—Dlg)). wQuy, du')  (A25)
In order to apply assumption 4a, construct the function é(q, Y, wy, we) as follows:

Glg, y wi, we) =0 gl(1=8)(wa+y = D(@), w)Quwr, dw').  (A.26)

Now interpret ¢(-, w’) in the integrand of (A.25) and (A.26) with given y, ¢, ws as
h(w’) in Assumption 4a. It follows immediately from the fact that g(-, -) is non-
increasing in its first argument, and assumption 4a, that

G(q, y, w1) < G(q, y, w1, wa) < Glq, y, wy). (A.27)

Now, using the method of lemma 1, application of the transformation f = Tg implies
that f(y, w) solves

max[G(q, y, w) — ¢, Ply+w) — g/ =0 (A.28)

for each value of w and, in particular, for w; and ws,.

From the argument in lemma 1, it follows that the solution to (A.28) with w; and ws,
respectively, must satisfy exactly one of the following four conditions:

(@) [y, w1) = Ply+wi) and f(y, w2) = Py + w2)

(b)  fly, wi) = Ply+w)and f(y, w2) = G(f(y, wa), y, wa).

()  fly, w) = G(f(y, w), y, wr) and f(y, wa) = P(y + wa).

(d)  Fly, w1) = G(f(y, w1), y, wi) and f(y, w2) = G(f(y, w2), y, wa).

In case (a), f € G’, since P(-) is a decreasing function. The functions in case (d)
arise if G(P(y +w;), z, w;) — P(y +w;) > 0 for ¢ = 1, 2, so that G(q, y, w1) — ¢
and G(q, y, we) — q have (unique) zero roots for ¢, ¢ = f(y, w1) and ¢2 = f(y, ws),
respectively. Since G(gq, y, w) is non-increasing in w it follows that f(y, wy) = ¢ <
@2 = f(y, wy), and f € G, as asserted.



The intermediate case (b) occurs if G(P(y + wy), y, w1) < Py +wp) and G(P(y +
ws), Y, we) > P(y+ wsy) so that:

fly, w1) = Ply+wi) < P(y+wa) < G(P(y +ws), y, w2) < f(y, wa) (A.29)

so that f € G, as asserted.

The intermediate case (c) occurs if G(P(y + ws), y, we) < P(y + wsy) and G(P(y +
wy), y, wy) > P(y+w;). Thus, if ¢ and ¢ are the respective roots of G(q, y, wy) — ¢
and G(q, y, wa) — ¢, then ¢1 < G(q1, y, we), since G(q, y, w) — q is non-increasing
in w. Also ¢go > @, since G(q, y, w) — q is decreasing in ¢q. Thus:

fly,wr) = ¢1 < o < Py +w2) = f(y, wa). (A.30)

so that f € G, as asserted.

For each case the argument establishes that (Tg)(y, -) € G’ for each y € Y thus
demonstrating that f(y, -) : W — R is a non-increasing function. ||

PERIODIC DISTURBANCES

In this case the disturbances are assumed to be temporally independent but to come
from heterogeneous distributions, thus providing what is called the ‘periodic distur-
bances’” model. For notational simplicity, the bulk of the analysis below is for the
case of epochs comprising two periods. The generalization to multi-period epochs is
straightforward and forms theorem 4'.

The periods are named as even, e or odd, o. Each harvest, w*, is assumed to be a
member of a set,

Wk ={w € R| —00 < w" <" <@ < +o0} (A.31)

and (W* WP*) is a measurable space, where W¥ is the Borel algebra of sets for W*
and where k = e, o.

Assumption 3c (periodic disturbances). The disturbances w?, w® are independently
distributed. That is, the functions Q : W* — [0, 1] are probability measures on W*
for k = e, o, respectively.

The lower bound, w,, in assumption 1 now becomes w, = min[w®, w°], and assump-
tion 2 remains unchanged.

Consider the relationship and associated mapping, 7" defined by:

fiw) = max o[ gl + (1= 0)(@ — DU @)IQ [dw), P)]
Th: gb — fh (A.32)

for h, k = e, 0oand h # k. That is, T°: ¢¢ — f¢and T°¢: ¢° — f°.



Define the composite mappings S¢ and S° by:

S¢ = T°-T°: ¢ — f¢ (A.33)
S0 = TO.T¢: ¢° — f° (A.34)

A Stationary Rational Expectations Equilibrium in the periodic disturbances case is
a pair of functions ¢°, ¢¢ satisfying f° = ¢° and f¢ = ¢° That is, f° = S°f° and
fe — Sefe.

The functions ¢°, ¢ are chosen to belong to the space G* (a restriction of the space
G) characterized by:

Definition. G* is the space of functions g(z) such that:
(i) The domain of g(z) is X = {z|z € R, z > w,}.
(ii) g(x) is continuous, non-increasing and non-negative.
(i) g(wm) = P(wm)-

A minor modification of the metric is also necessary:

Definition. The metric d*(g;, gj), i, 9; € G is defined by

d*(gi, 9;) = sup |gi(x) — g;(z)].
rzeX

The properties of G* (in particular the boundedness of every g € G*) guarantee that
the metric d* is well-defined.

The subsequent presentation is simplified by introducing functions G*, h = e, o each

with domain Y = {(p, )| P(x) < p < p1, * € X}, defined by:

Mg a)=0[ '+ (1= ) — D(g))Q"(dw). (A35)

Lemma 5: S¢ (resp. S°) maps G* into itself.

Proof. The proof is in four parts:

(4.a) For any ¢¢ € G*, it will be shown that f° = T°¢¢ € G*.

(4.b) For any ¢° € G*, an identical argument to (4.a) shows that f¢ = T¢¢° € G*.

(4.c) In order to demonstrate that S¢ = T°-T° maps G* into itself, set f° from part
(4.a) of the proof equal to g° in part (4.b).

(4.d) In order to demonstrate that S° = T°-T° maps G* into itself, set f¢ from part
(4.b) of the proof equal to ¢¢ in part (4.a).

A proof of (4.a) is as follows:

10



For any given x € X, f°(x) solves

m(?X[Ge(q, z) —q, P(x) — ¢ =0. (A.36)

The properties of the solution to (A.36) follow from the properties of G¢(q, x). Since g°
is continuous, non-negative and non-increasing, it follows that G¢ is continuous, non-
negative and non-increasing in both ¢ and x. Moreover, G° — ¢ is strictly decreasing
in q.

Note from (A.36) that its solution must satisfy ¢ > P(x). Suppose that ¢ > P(x);
then, since g€ is non-increasing with p; as the upper-bound of its domain,

G(q, ) < G°(P(x), z) = 0/ ege(w')Qe(dw’) < fOp; < p1

so that G¢(¢q, ) — ¢ tends to a negative number as ¢ — py.

At g = P(2),if G¢(q, x) — q = (9/ g (w)Q(dw") — P(x)< 0, it follows from the
We
monotonicity of G¢ that G¢(q, ) — ¢ is negative for all ¢ > P(z) and the solution to
(A.36) must be f°(x) = P(z).
Alternatively, if at ¢ = P(x), G%(¢q, ) — q¢ = 9/ ¢° (W Q(dw') — P(z) > 0, it
We
follows, again from the monotonicity of G¢, that G¢(¢, =) — ¢ has a unique zero root,

q = f°(z) such that G¢(f°(x), z) — f°(x) = 0

Thus the solution to (A.36) provides a function f°(x) which is unique, continuous in
x, non-increasing and non-negative for z € X.

It remains to show that, if ¢¢(w,,) = P(w.,), then f°(w,,) = P(w,). Let x = w,y,,

so that f°(w,) solves

mgx[Ge(q, Wy) — q, P(wy,) — ¢ =0. (A.37)

From the reasoning above, f°(w,,) = P(w,,) requires that G¢(P(wy,), wy,) — P(w,) <
0. That this must be so follows from the definition of GG, the assumption that ¢ is
non-increasing, and assumption 2:

G (P(wn), wn) = Plwn) = 0] g"()Qdw) = Pluw,)
< 09°(wm) — Plwy)
(6 — 1)P(wy) < 0 (A.38)

which establishes that f° = T°¢g¢ € G*. ||
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Lemma 6: 5S¢ and S° are contraction mappings.
Proof.
(5.a): S€ is a contraction mapping.
Choose any pair gg, go € G* such that

g2(z) < go(z) < gox) + @, Vr € X (A.39)
where a is a positive constant. It can now be shown that the mappings T° and T°
preserve the inequalities.

Note, first, that Gy < Gy from the definition of G (where the subscripts correspond
to different g functions but evaluated at the same x and q).

Fix z € X and let ¢y denote the (unique) root of Go(gq, ) — ¢ = 0, if it ex-
ists. Since Gy(q, ) < Gol(g, x), then Go(qo, ) — g0 < 0. Hence the root, ¢, of
Go(q, ) — ¢ = 0 must satisfy P(x) < g < qo, thus establishing that T°gy < Tgp.
Trivially, if either or both of the roots does not exist, the solution will be g9 = P(z)
or g = P(x), so that it is just possible that T°gs = T°go.

Now consider T°(gs + a),

°(2 + @) = max |0 glo + (1 = 8)(x — Digs()))Q(dw) + b, P(x)]

< ot max |0 g’ + (1= ) — Digs(@))]Q(dw'), Pla)]
= fOa + T°gy (A.40)
Thus,
T°gs(x) < T°go(x) < T°g2(x) + ba (A.41)
which may be written,
93(z) < g1(x) < g3(x) + fa. (A.42)
Note that, by construction, G§ < GY.

Fix z € X and let ¢; denote the (unique) root of G(q, ) — ¢ = 0 if it exists. Since
Gs(q, ) < Gy, then G3(q1, ) — ¢ < 0. Hence the root, g3, of G3(q, ) — ¢ = 0
must satisfy P(xz) < g3 < ¢, thus establishing that Tg3 < T*°g;. Trivially, if either
or both of the roots does not exist, the solution will be ¢y = P(z) or g3 = P(z), so
that it is just possible that T°g; = T°¢;.

Consider T¢(g3 + fa),
T*(gs + 6a) = max |0 golu’ + (1 = O)(w — D(g(@))|Q(du!) + ¢%a, P(v)]

< #%a + max [Q/Wo gs[w' + (1 — d)(z — D(ga(2)))]Q°(dw’), P(x)
= #%aq + T¢gs (A.43)
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Thus,
TCg3(x) < Tg1(z) < TCgs(x) + 0%a (A.44)

and
Sego(w) < S¢g0(x) < S°go(w) + 62a. (A.45)

Now set a = d*(go, g2) using the metric defined above. Then,

S0 — S°g2 < 6Pa
1S¢g0 — Sg2| < 6%a foreveryx € X
d*(S°go, S°g2) < 0*a = 0*d*(go, go) (A.46)

establishing that S€ is a contraction mapping.

(5.b) S° is a contraction mapping. The proof is identical to that for (5.a). ||

Lemma 7: The space G* is complete in the metric d*.

Proof. This is simply a special case of the argument for lemma 3. ||

Theorem 4. Under assumptions 1, 2, Sc there exist a unique pair of price functions
fe: X — R, fo: X — R, such that f¢(), f°(-) are continuous, non-negative and
non-increasing and satisfy:

fo@) = max |0 o+ (1= 0)(@ — DU @))IQ (), P)]  (A47

fo@) = max |8 fl'+ (1= 0)(x - D @)IQ ), P@)|. (A48)

Proof. The proof demonstrates that S¢ (respectively, S°) has a unique fixed point.

Choose any gg, g1 € G* and consider the sequences:

9o, G2 =15°0, g+ = S, ..., G = S°Gi—, ... fort even;
91, 93 =251, g5 = S%s, ..., g = S°G—2, ... fortodd

For even t the definition of d* implies that d*(g;_2, g:) < 0'72d*(go, g2). Hence, from
assumption 2, the sequence converges uniformly. Denote the limit of the sequence by
f¢. From lemma 7, f¢ € G*.

To show that the limit is an equilibrium, that is, S¢f¢ = f€, consider

d*(S€f€7 fe) S d*(sefe, (Se)ngg) + d*((Se)ng(), fe)
< O (fe, (S ge) + d*((S) g0, F) ¥ m, go € G*(A.49)

Both terms on the right hand side of the inequality tend to zero as n — oo, so that
d*(Sefe, f¢) = 0 and f¢ is an equilibrium.
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To show that the equilibrium is unique, suppose that fe € G* is another solution
Sefe¢ = f¢. Then,

0< o= d*(fe’ fe) _ d*(sefe’ Sefe) < 92d*(f~, fe) _ 6205
which is a contradiction. Hence f€ is unique.

For odd t, d*(g;_2, g;) < 0'2d*(g1, g3) and an identical argument demonstrates that
the limit of the sequence of g; functions, say f¢, is the unique equilibrium for odd
numbered periods. ||

The multi-period case.

The extension from two to n < +oco periods is almost entirely notational. Each period
is identified by a superscript k = 1, 2, ..., n so that each harvest, w*, is assumed to
be a member of a set,

W ={weR| -0 <uw"<w< @ < +o0} (A.50)

and (W* WF¥) is a measurable space, where W¥ is the Borel algebra of sets for W*.

Assumption 3d (periodic disturbances).

The disturbances w*, k& = 1,2, ..., n are independently distributed. That is, the
functions Q% : W* — [0, 1] are probability measures on W¥.
The lower bound, w,, in assumption 1 now becomes w, = min[w!, w?, ..., w"|, and

assumption 2 remains unchanged.

The mappings analogous to (A.32) are defined as follows:

fla) = max|0f g+ (1= 8)(x = D(f@)QHdw), P(x)]

T : ¢ — f1 (A.51)
Fa) = max 0] g+ (1)~ D(P)Q aw), Plr)].
T?: ¢* — f? (A.52)

Frw) = maxlo [ gl + (- 8)(e — DO ()]Q dw), Plx)].
T : gt — f" (A.53)

In order to link the corresponding periods it is necessary to define a composite mapping
S for each i in the obvious way:

Si:Ti'T’H_l"'Tn_l'Tn'Tl"’Ti_Q'Ti_lIgi—>fi.

A Stationary Rational Expectations Equilibrium in the n-period case is a set of n
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functions {g', g2, ..., g"} satisfying f* = ¢', i = 1,2, ..., n. Thatis, f' = S'f°
for each period.

Theorem 4'. Under assumptions 1, 2, 3d a unique SREE in the n-period case exists.

Proof. The argument simply replicates the steps in the two-period case for the appro-
priate number of periods using the composite S* mappings. ||
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