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APPENDIX A

Proof of Lemma A1l. The most straightforward proof derives from taking the first

mq equations from (4) which give
Ayi(t) = —y1(t = 1) + Bya(t — 1) + 21 (1),

which implies that y;(¢t) = Bya(t — 1) + x1(¢t). However, from (1), y1(t) = Bya(t) + ui(t),

and equating these two expressions yields
z1(t) = wi(t) + BAys(t) = wi(t) + Bra(t),

since the last mq equations of (4) give Aya(t) = x2(t). The last mg equations of (A3) yield,
from inspection of the form of the matrices e™*/4 in the integral defining €(t) in (A2), and

J in (A3), that

1
waft) = [ ualt = s)ds,

which also uses the fact that wa(t) = ua(t). The expression for xi(¢) in the lemma now

follows immediately. O

Proof of Lemma A2. Note that

() =10+ [ s (s)ds,



so that integrating over (¢ — 1,¢] yields

t
/yzt—s)ds— ya(r)d —|—/ /uz )dsdr,
t—1 t—1

and hence

ya(t) — /01 yo(t — s)ds = /Ot uz(s)ds — /til /OT ug(s)dsdr.

The double integral reduces to a pair of single integrals' as follows:

/tt1 /OTUQ(S)dsdr /tl/t 1 dsdr+/ /t 1u2 s)dsdr
— /0 {/t_ldr} ug(s)ds + - {/S dr} 2(s)ds

= /Otl ug(s)ds + /til(t — S)ua(s)ds.

Substituting this expression for the double integral gives

ya(t) — /01 yo(t — s)ds = /Ot us(s)ds — [/Ot—l up(s)ds + /ttl(t — s)ua(s)ds
= /til[l — (t — 9)]ua(s)ds = /01(1 — s)ua(t — s)ds,

as required. O

Proof of Lemma A3. The integral of interest is defined as the following limit in mean

square:

/f u(t — s)ds = lim FE
n—oo

ZfJuJ

where [0, 1] = U7_; Aj, £(A;) denotes the Lebesgue measure (length) of each interval A, f;
denotes the value of f(s) on Aj, and u; is the value of u(t — s) on A;. Denote this mean

square limit by 772, fju;(Aj). Then

]1//3

g11/8
u(t — s)ds

E > fjuil(A;)
j=1

IN

1/
[E \fjqu(Aj)\B} / by Minkowski’s inequality

IN

>
j=1
Z f] [E’ ]’ﬁ:| (Aj)

=1

!See Bergstrom (1997), McCrorie (1997) and Chambers (1999).



1/ 1
= [Elyl] /Oyf(s)|ds.

Raising both sides to the power (3 yields the required result. O

Proof of Lemma A4. Noting that u(t — s) = Lu(t) = e~*Pu(t) (see Priestley (1981,
p.175) for details) it follows that the first integral has the representation

/01 u(t — s)ds = (/01 est3> u(t) = g(D)u(t),

where g(z) = fol e %ds = (1 — e *)/z. Proceeding in the same manner with the second

integral,

/01<1 — s)u(t — s)ds = (/01(1 — s)eSDds> u(t) = k(D)u(t),

where k(z) = fol(l — s)e”Fds = fol e *ds — fol se **ds. The first of these integrals is

simply g(z), while the second can be obtained by integration by parts (using the formula

fol udv = [uv]y — fol vdu with u = s and v = —e™%%/2):
1 —S8z 1 1 ,—sz 1
/ se”%ds = [— ik —I—/ € ds=- [g(z) —e77].
0 z 0 0 z z

Hence k(z) = g(2) —[g(z) — e~ ?]/z which can be simplified further to give k(z) = [1—g(z)]/z

as required. O

Proof of Lemma A5. By 'Hopital’s rule,

—Zz

1 =1 =1 —F =1.
lim g(2) = lim ——— = lim e

Expanding h(z) gives h(z) = [(z — 1)e~* + e~ 2?]/2? and application of ’'Hopital’s rule gives

92 _ -z _9 —2z _ —z 4 —2z 1
lim A(z) = lim <( 2)e ¢ ) = lim <(Z B)e”" +4e ) =_.
2—0 2—0 2z 2

For integer j # 0, it is straightforward to show that g(2mij) = (1 — e~2"9)/(27ij) = 0 since
e~ = 1 and that h(27ij) = e~ 21 — g(27ij)]/(27wij) = 1/(2mij) since e 2™ = 1 and
g(2mij) = 0. O

Proof of Lemma A6. From the proof of Lemma A2,
t

1 t—1
/ ya(t — s)ds = y2(0) + / ua(s)ds + (t — s)ua(s)ds,
0 0 t—1
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while

t—1 1271 pt—k/p
= +/ ds—i——Z/ ua(s)ds.
D =p/t-1

Taking the difference of the two expressions above yields the first representation in the

lemma. The filtering representation is obtained by noting first that

/01 sug(t — s)ds = q(D)usa(t),

where ¢(2) = [ se=**ds = [g(z) — e~*]/2; see the proof of Lemma A4. Secondly,

1 p .
/ us(t — 5)ds = rp(D)us(1),
P =0 k/p
where
1
1P / 5% ds Z (6—(k;/p)z _ e—z) _ 1 [0,(2) —e™?].
=y o k=0 * i
The filtering representation follows since my(2) = rp(2) — q(2). 0

Proof of Lemma A7. Since h,(z) = (e ?0p(2)/2) — (e"?g(2)/2), it is convenient to

consider each term in turn. Since

_ _ p—1 p—1 _
Cp(z) = LS e 12M’
o P P o o

application of I’'Hopital’s rule yields

im o(s) = I _1’§(H@) (i
21_1’% > Op\2 = 11711 P D €

0
z— o

10 1

- ‘5;)( D) =%

Expanding the second term using the definition of g(z) yields

e % (2) e?([1l—e* e — 2
g Z) = =
z z z 22 ’




and application once more of 'Hopital’s rule yields

. e . [ —eTF 4 2e7 . [(eF—4de* 3
lim gz)=lim|({—— | =lm | ——— | = ——.
z—0 2 z—0 2z z—0 2 2

Combining these two limits gives lim, .o h,(z) = 1/(2p). For integer j # 0,

e 2w op(2mij)

hp(2mif) = =5 op(2mif) = 9(2i)] =

21ij

since ™2™ = 1 and g(2mij) = 0 for integer j # 0. The properties of o,(27ij) yield the

stated result. O

APPENDIX B

Proof of Lemma 1. Taking each sampling scheme in turn:

Scheme I: The expressions are obtained directly from partitioning (4), which gives &1, = z1(¢)

and &9y = 22(t), and then applying Lemma Al.

Scheme II: Taking the first m; equations of (4) gives
Aylst = _yls,t—l + By{(t — 1) +a(t) = —yig,t—l + BZ/QF,t—l + &it,

with &1 = x1(t) + Byl (t — 1) — ygt—l]- The expression for £1; in Lemma 1 results from the

form of z1(t) given in Lemma A1l and using Lemma A2 for the expression
F F F 'op
V=1 =vha === [y e—1-s)ds.
The expression for £y is obtained from the last mgy equations of (5), so that
1
Eop = /0 xo(t — s)ds.

Lemma A1l is again applied to relate £ to us(t).

Scheme I11: The first m; equations of (5) yield
F F bos ! F S
Ayip = —Y1 41 + B/o Y5 (t —1—s)ds +/0 r1(t —s)ds = —y1 41 + Bys 1 + &t
where £1; is defined by

1 1
&1t =/ z1(t —s)ds+ B [/ ys (t — 1_3>d3_y§t—1] :
0 0
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Application of Lemmas Al and A2 yield the desired expression for &3, while the expression

for &9 is obtained directly from the last my equations of (4) as in Scheme I.

Scheme IV: The expressions for {1; and £ come directly from partitioning (5), so that

1 1
§it = /0 z1(t — s)ds, Eor = /0 zo(t — s)ds.

Lemma A1 once more yields the result. O

Proof of Lemma 2. The stationarity of & follows directly from the definitions of & in
terms of u(t) in Lemma 1. The invariance principle is justified by verifying that the conditions
of Corollary 2.2 of Phillips and Durlauf (1986) are satisfied. The required conditions are
that: (1) E(&) = 0; (ii) E|&y]? < oo for some 2 < 3 < oo; and (iii) the mixing conditions in
Assumption 1(c) also hold for &. Condition (i) is satisfied by Assumptions 1(a) and Lemma
1. Condition (iii) holds due to the mixing properties in Assumption 1(c) and the fact that
& is a measurable function of u(¢) involving finite lags, which follows from the definitions
in Lemma 1 and application of Theorem 14.1 of Davidosn (1994) or Theorem 3.49 of White

(1984). It remains to demonstrate that (ii) holds for each of the four sampling schemes.

Scheme I: From Lemma 1 it follows that:

B

E |uqy4(t +ZBU/ ug;(t — s)ds

ma 1 B
< (m2 + 1)5_1 E|U1i(t)|ﬁ + ZE ‘Ble UQj(t — s)ds :|
L J=1

< (mg+ 1% [ Elug(t) |B+Z|Bw| E’/ ug;(t — s)ds ]

m2
< (ma+ 1) Blun(t)P+ )] |Bij|BE|u2j(t)|ﬂ] <00
j=1

under Assumptions 1(b) and 2, and where the first inequality arises from the ¢,-inequality

and the third from application of Lemma A3. Also,

= E’/()1u2i(t — s)ds

by Assumption 1(b) and where Lemma A3 has been applied.

B

< EJugi(t)]° < o0

Scheme II: Applying a similar argument as in scheme I:

B
1
E|uy(t —i—ZBU/ “2Jt_5d3+ZBw/o (1 = s)ug(t —1—s)ds

7=1




B

< (2mg+ )

meo 1
| Blus >|B+Z|Bij|ﬁ{E] [ s - sy
=1

H

p
B s S0 (Elor + () Eruzju)\ﬁ)]

7=1

+E

/1(1 — S)ug(t —1—s)ds
0

IN

(2m2 + 1)

B
which is finite under the same conditions as scheme I and where (1/2)8 = [ fol |1 — s|ds} .

In a similar fashion,

B

1 1
= E‘/ 5u2i(t—s)ds+/ (1 — s)ugi(t — 1 —s)ds
0 0
B

+FE

/1(1 — s)ugi(t —1 — s)ds
0

IN

1
/ sug;i(t — s)ds

0

(2)7-1 [(%)BEyugi(t)!ﬁ + (%)ﬁE’UQi(t)’ﬁ

|

2% [E

IN

< 00,

due to Assumption 1(b) and since (1/2)% = [fol |s|ds]ﬁ.

Scheme III: The proof for &1; is similar to scheme I:

B

ma

1 1
/ u1;(t — s)ds + Z Bi; / sugj(t — s)ds
0 0

j=1

= F

< (mg—i—l)ﬂ_ ‘/ uyi(t — s)ds

7

+ZE’ 1]/ sugj(t — s)ds

_ 1
< (mg+1)7! E\uli(t)\ﬁ—l—Z]Bij\ﬁ (§> Eyqu(mﬁ] < o0,
=1

while F |§2i7t|5 < oo identically as in scheme I.

Scheme IV: Following scheme II:

= b

1 ma 1
/ uy;(t — s)ds + Z Bi; / sugj(t — s)ds
0 0

=1

B
—i—ZBw/ (1 —s)ugj(t —1—s)ds

[ - o0
i

IN

(2m2 + 1

1 B
—i—Z\BZ]] {E‘/ sug;(t — s)ds
0

+E

/1(1 — s)ugj(t —1 — s)ds
0




< (2mo+ 1) | Elug(t |5+2Z|BU|B( ) E|uzj(t)|ﬁ] <00
7=1

under Assumption 1(b). The demonstration that E|&;|® < oo is the same as in scheme 1T

and holds under the same conditions. O

Proof of Lemma 3. The filters are derived directly from the expressions in Lemma 1,

which relate & to u(t), along with the results in Lemma A4.

Scheme I: From Lemma 1 and application of Lemma A4,

&ie=ui(t)+ B /01 u2(t — s)ds = ui(t) + Bg(D)ua(t),

o= Cus(t — $)ds = g(D)us(t),

resulting in the form of M(z) in the lemma.

Scheme II: The results in Lemma 1 and Lemma A4 give

it = w(t)+B |:/(Jlu2(t—5)d5+/1(1—S)’UQ(t— 1—s)ds

0

= w(t) + Blg(D) + h(D)]ua(t),
where h(z) = e"%k(z) and is defined in the lemma, while
1 1
S = / / us(t — r — s)drds = g(D)?us(t),
0o Jo

as required.

Scheme III: Again from Lemmas 1 and A4,

1 11 1
& = /Oul(t—s)ds—i—B/o /0 ug(t—r—s)drds—B/O(l—s)uQ(t—l—s)ds

= g(D)ui(t) + Blg(D)? — h(D)]us(t),
while

Eop = /01 ug(t — s)ds = g(D)ua(t).

Scheme IV: From Lemmas 1 and A4,

& = /lul(t—s ds+B/ / ug(t —r — s)drds = g(D )ul()—i-Bg(D) 2(t),

St = //U275—7“—3d7“d3—9( )2us(t),
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as required. O

Proof of Theorem 1. In order to simplify the presentation of the required summations,

the notation

0o
S(X1, f, X2) = i X1(2mij) f (2mj) Xo(—2mij),
j=—00

is utilised, where X;(-) (of dimension [ x m) and X3(-) (of dimension m X n) are matrix
functions and f(-) (of dimension m X m) represents a spectral density matrix or a submatrix
thereof. In each of the four sampling schemes, the long run variance matrix of interest is given
by Q = 27 fee(0) = 2nS(M, f, M), where M(z) is defined in Lemma 3. The submatrices
of Q yield Q119 = Q11 — 91292_21921. Some of the summations involving the functions g(z)

and h(z) simplify in view of Lemma A5. For example, S(g, f,g) = f(0) = S(¢? f,d°),
S(g, f,h) = f(0)h(0) = (1/2)£(0) and S(h, f,h) = (1/4)f(0) + 340 [h(2mif)|* £ (2miy).

Scheme I: From the definition of M(z), the following submatrices of 2 are obtained:

Qi =2w[S(Ipm,, f11,Im,) + BS(g, fo1, Im,) + S(Im,, f12,9)B" + BS(g, f22,9)B’]

=2 | > fu@m)) + Bf1(0) + f21(0)B' + Bf2(0)B'| ;

j=—o0

Q2 =271[S(Iim,, [12,9) + BS(g, f22,9)] = 27[f12(0) + B f22(0)];
922 — 27TS(9’ f227g) = 27Tf22(0)‘

Combining these expressions gives
Q12955 Qo1 = 27[f12(0) f22(0) " f21(0) + B f21(0) + f21(0)' B' + B f22(0) B']

and hence, since Q110 = Q11 — 91292_21921, it follows that

Qi2=2m | > fu(2m)) + f11(0) + Bf21(0) + f21(0)' B’ + Bf22(0) B’
70
—27 [ f12(0) f22(0) 7! f21(0) + B f21(0) + f21(0)' B’ + B f22(0) B']

=2 Z f11(27'('j) + f11.2(0) )
70

as given in the Theorem.



Scheme II: Here, the relevant matrices are given by

Q11 =27[S(Iimy, f11, Imy) + BS(g + I, fa1, Imy) + Sy, f12,9 + h) B’

+BS(g+ h, fa2,9 + h)B']

o0

— 97 'Z F11(275) + B f21(0) + BS(h, for, I, ) + f12(0)B' + S(Ipn,, f12, h) B’
+27rj[2_1;22(0)3’ + BS(h, fa2,h)B'];
Qo =21[S (I, f12,9%) + BS(g + h, foz,9%)] = 27 f12(0) + (3/2) B f22(0)];
Q20 =27S(9%, f22, 9%) = 27 f22(0).

Combining these terms yields
—1 —1 3 3 / 9 /
Q128099 Qo1 = 2 | f12(0) f22(0) " f21(0) + §Bf21(0) + §f12(0)B + ZBf22(0)B ;

and hence

Quio=2m {Z J11(2mj) + f11(0) + ;Bfm(o) + B h(2mij) f1(2m5) + ;fu(o)B'
j#0 Jj#0

> fr2(2m5)h(—2mif) B' + ZBMO)B’ + B |h(2mij)|? faa(275) B’
j#0 J#0

or [ F12(0) Fan(0) " for (0) + gB Fa1(0) + ;fm(O)B’ " ZB f22<0)3’}

+27

—or [Z f11(2mj) + f11(0) + B> h(2mij) fa1 (275) + > fr2(2m))h(—2mif) B’
770 7#0 7#0

—_ 1

+27

B |h(2wif)|? foa(2m)) B — f12(0)f22(0)1f21(0)]
70

=27 {Z H(2mij, B) f(2nj)H (2mij, B)* + f11.2(0)] ,
J#0

where H(z, B) is defined in the text before the theorem.
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Scheme III: In this case,
Qi1 =2n[S(g, fi1,9) + BS(9*> = h, fa1,9) + S(g, fa1,9° — h)B']
+2n[BS(g® — h, f22,9> — h)B’]

=27 |:f11(0) + %Bfgl(()) + %le(O)B, + iBfQQ(O)B,

+27 | B |h(2mij)|? f22(275) B’
J#0

Q12 =27[5(g, f12,9) + BS(g* — h, f22,9)] = 27 [f12(0) + (1/2) B f22(0)];

I

Qo9 =2715(g, f22,9) = 27 f22(0).
These expressions yield
—1 —1 1 1 / 1 /
Q12955 Qo1 = 27 | f12(0) f22(0) ™" f21(0) + §Bf21(0) + §f12(0)B + ZBf22(0)B ;

from which it follows that

Qo =2 |BY _ |h(2mij)]? foa(2mj) B’ + f11.2(0) |,

J#0

as required.

Scheme IV: In this case, the matrix filter is equal to g(z) times the matrix filter M (z) for

scheme T, and so

Q11 =27[S(g, fu1,9) + BS(9%, for,9) + S(g, f12,9°) B' + BS(¢?, f22,9%) B']

=2m[f11(0) + Bf21(0) + f21(0)'B" + B f22(0) B'];

2 =27(S(g, f12, 9%) + BS(9%, fo2, 6)] = 27[f12(0) + B f22(0)];

Qg2 =275(g?, f22,9%) = 27 f22(0).
Combining these expressions gives

012055 Q21 = 27[f12(0) f22(0) ™" f21.(0) + Bf21(0) + f21(0)' B’ + B f22(0) B
and hence

Q1.2 =27[f11(0) + Bf21(0) + f21(0)' B’ + B f22(0) B]

—27 [ f12(0) f22(0) 7 f21(0) + B f21(0) + f21(0)' B’ + B f22(0) B’]
=27 f11.2(0),

11



as required. O

Proof of Proposition 1. The validity of Proposition 1 is established by considering,
in turn, the three matrix differences Q{LQ —QfY, for j = I,11,I11, and demonstrating that

each one is positive semi-definite. The first of these differences is
Q{1.2 - Qﬂfz =27 Z f(2nj),
J#0
which is clearly (Hermitian) positive definite in view of f(\) being a spectral density matrix.

Next,
Qi — QY =27 Y H(2rij, B)f(2mj) H (2wij, B)".
J#0
Since f(A) is Hermitian positive definite, H (27ij)f(27j)H (2mij)* is clearly positive semi-

definite for each j, and hence so is the above sum over j # 0. Finally,
Qi = QYo =208 Y |h(2mij)[ fr(2)) B'.
J#0
In view of Lemma A5, |h(2mij)|> = (27ij)~(—2mij) =t = (47252)~! > 0 for all j # 0, and

since foo(A) is Hermitian positive definite, the above sum is positive semi-definite. O

Proof of Theorem 2. The proof follows straightforwardly from the definition of an op-
timal estimator by evaluating the long run variance matrix Q=2n fuww(0) and demonstrating

that it is equal to 27 f(0). Since w(t)dt = I'(D)u(t)dt, where

(1+2)I,, B
0 I,

I'(z) =

)

it follows that fyw(A) = L) f(NT(EA)* (—oo < A < 00). Evaluation of the sub-matrices
of fuw(N) yields

Qi1 = 27 funw11(0) = 27 f11(0) + B f21(0) + f12(0) B’ + Bf2(0)B'],
D1y = 27 fuw12(0) = 27[f12(0) + Bf22(0)],
Qoz = 27 fuw 22(0) = 27 f22(0).

The expression for 611,2 follows straightforwardly. O
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Proof of Proposition 2. This follows directly from the fact that the variance matrices
in the limiting distributions of the optimal etimators in Scheme IV (Theorem 1) and in the

continuous record case (Theorem 2) are identical. O

Proof of Lemma 4. Considering each of the three sampling schemes in turn:

Scheme I(p): Here, y. , = (1/p) Zi;l y(t—k/p) and so the discrete time ECM is obtained by
applying the lag operator function (1/p) Zi;é L#/P) to (4) yielding the ECM representation
Ayt p = —JAy—1p + & p, where &, = (1/p) Zi;é x(t — k/p). Application of Lemma A1 for

x(t) yields the required expressions.
Scheme II(p): Taking the first m; equations of the equation in Scheme I(p) above gives
152 AN k
Ayy = —yp, 4, +B= yF(t—l——>—|—— :U1<t——>
1t,p 1,t—1,p p kz:;) 2 P p kz:;) P

F
= —yitq,p + By 1+ &itp,

where &1, = (1/p) ShZgx1(t — k/p) + Bl(1/p) h—pvs (t — 1 — k/p) — y5;_1]. Applying
Lemmas Al and A6 yields the required expression. The vector &2, is obtained directly
from the last ms equations of (5) and hence is the same as the expression in Scheme II of

Lemma 1.

Scheme III(p): The first m; equations of (5) yield
1 1
Ayﬂ = —yft_l + B/ yg(t —1—s)ds +/ x1(t — s)ds
0 0
_ F
= —Yi4—1 + By2i—1p+ E1ep,

where &1 = fol z1(t — s)ds + B [ 01 ys(t —1—s)ds — yit,Lp} and the result follows by
using Lemmas Al and A6. The expression for {;, comes from the last ma equations of the

expression in Scheme I(p) above which describe the evolution of y%p. O

Proof of Lemma 5. Taking each sampling scheme in turn:

Scheme I(p): Since &, = op(D)&, where & is from Scheme I in Lemma 1, it follows
immediately that & , = o,(D)M (D)u(t), with M (z) defined in Scheme I of Lemma 3, since
& = M(D)u(t).

13



Scheme II(p): From the definition of ;) it follows, using Lemma A6, that
&1tp = op(D)ur(t) + Bop(D)g(D)ua(t) + Bmp(D)e_DUQ(t),

and since hy(z) = e *my,(z), the filter on wuy(t) is 0,(D)g(D) + hy(D). The vector &u )
is equal to & in Scheme II, and so it follows immediately that &a, = g(D)?us(t). The

expression for M), (z) follows by combining these results.

Scheme III(p): Again from the definition of £, ), and using Lemma A6,
Eitp = 9(D)ur(t) + Bg(D)?uz(t) — Be™Pmy(D)us(t),

and the expression in the lemma follows by noting that h,(z) = e *mp(z). Finally, the
vector o), is equivalent to &) in Scheme I(p), and the expression for M, (z) then follows

immediately. O

Proof of Theorem 3. The proof follows the same approach as the proof of Theorem
1, with My (z) replacing M (z). Expressions involving the filter function o,(z) simplify in
view of op(2mij) = 1 for j = 0,£p,£2p,... and 0,(27ij) = 0 otherwise. For example,
S(op, fy0p) =252 _ f(2mjp). An outline of the derivations is provided below.

j=—o00

Scheme I(p): The expressions of interest are:
M1 =2n[S(op, fi1,0p) + Bf21(0) + f21(0)' B’ 4+ B f2(0)B'l;
Q2 =27[S(0p9, f12,0p9) + BS(0pg, f22,0p9)] = 27 f12(0) + B f22(0);
Qoo =218 (0p9, f22,0pg) = 27 f22(0).

Combining these expressions gives

Q12055 Q21 = 27[12(0) f22(0) ™ £21(0) + B f21(0) + f21(0)' B’ + B f22(0)B']

and hence

Q1.2 = 27[S(0p, f11,0p) — f12(0) f22(0) ! f21(0)] = 27 {Z Ju(mjp) + f11.2(0)] ;
J#0

since S(op, f11,0p) = f11(0) + 22,20 f11(27jp).
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Scheme II(p): Here, the relevant matrices are:

Q= 27T[S(Up7 fll’ap) + BS((UPQ + hp)a f2170p) + S(Upv J12, (Upg + hp))B/

+BS((0pg + hyp), fo2, (0pg + hyp)) B’

=27 [ i f11(2mjp) + (1 + %) Bf21(0) + B hy(2mijp) f21(27rjp)]
J

j=—00 j#0
+27 < > f12(0)B’ + Z hy(—2mijp) fi2(2mjip) B’
L J7#0
1\?2 ' N . /
+2m | {1+ % Bfx(0)B'+ By |hy(27mijp)|* f2(2mjp) B
L J#0

Qi = 21[S(0p, fr2,9%) + BS((0pg + hy), fa2,6°)]
=27[f12(0) + (1 + 2ip> B f22(0)];
Qo2 =2mS(g?, f22,9%) = 27 f22(0),

which makes use of the properties of the filter function h,(z) given in Lemma A7. Combining

these terms yields

Q1905 Q1 = 27 [ F12(0) f22(0) " £21 (0) + (1 n %) Bfan(0) + (1 + i) f21(0)’B’]

2p
(1+ ;p)z szz(O)B’] ,

which, from the form of €)1, results in

+27

Qq10 =21 {Z fu1(2mjp) + B hy(2mijp) for(2mjp) + Y hy(—2mijp) fr2(2mip) B’
70 §#£0 J#0

+2m | B> |hy(2mijp)|? fo2 (2p) B + f11.2(0)

J7#0

=2m |3 H(2rijp, B)f (2njp) H(2rijp, B)* + fn.z(O)] ,
J#0

as required.
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Scheme I11(p): Here, the relevant matrices are:
Qu = 2n(S(g, fi1,9) + BS((9* — hp), f21,9) + S(9, fr2, (9° — p)) B’

+BS((g? — hyp), fa2, (9% — hyp))B']

—2n [fnm) (1= 55) B0 (1- 5 ) B (1 - ;p)QBfQQ(())B’]

+21 [ B0 |hp (2|2 fa2(275) B

le = 27'('[5(9, f127 Upg) + BS((QQ - hp)) f227 Upg)}

=27[f12(0) + (<1 - %) B f22(0)];

QQQ == 27rS(Upg7 f22a Upg) = 27Tf22(0)7

which makes use of the properties of the filter function h(z) given in Lemma A7. Combining

these terms yields

Qo0 Qo1 = 2 {f12(0)f22(0)_1f21(0) + (1 - %) B f21(0) + (1 - 2%) f21(0)/3/]

+on l<1 _ 21]?)231"22(0)3'] ,

which, from the form of €)1, results in

QH_Q =27

B> |h(2mijp)|? f2 (2mjp) B’ + f11.2(0)] ;
j#0

as required. O

Proof of Proposition 3. As the expressions for the {295 matrices are identical in
Theorems 1 and 3, the proof proceeds by comparing the 2172 matrices defined in these

theorems for the cases with unadjusted and adjusted data.

Scheme I(p): The expressions in the two theorems give:

1 . .
Ol — ) =2r [Z fu(2mj) + f11.2(0)} — 27 [Z fi1(2mjp) + f11.2(0)
G0 J#0
=2r > fu(2r)),
J€Jp
where J, ={j:j€N,j#0,£p,£2p,...}and N ={...,—2,-1,0,1,2,...} denotes the set
of positive and negative integers, including zero. Since f(A) is Hermitian positive definite

by assumption, it follows that this matrix difference is positive definite.
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Scheme II(p): The appropriate difference is

o, - =2r [Z H(2rij, B) f(2mj)H (2rij, B)* + fn.z(O)]
570
—2r | > H(2mijp, B)f(2mjp)H (2mijp, B)* + f11,2(0)]
j#0
=2 > H(2nij, B)f(2mj)H (2mij, B)*,
jEIp

which is positive definite in view of the form of H(z, B) and the Hermitian positive definite-

ness of f(A).

Scheme I11(p): The difference of interest is

I
Q{{Iz - 911.2(p) =27

J#0

B [n(2mij)|* fa2(2m5) B’ + f11.2(0)]

—27

J#0

=218 Y |h(2nij)|? o (275) B,
J€Jp

B |h(2ijp)|? faa(27) B' + f11.2(0)]

which is positive definite since |h(2mij)|?> = (47252)~1 > 0 and f()) is Hermitian positive
definite. O
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