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Abstract

This paper explores the properties of jackknife methods of estimation in stationary autoregressive
models. Some general results concerning the correct weights for bias reduction under various
sampling schemes are provided and the asymptotic properties of a jackknife estimator based on
non-overlapping sub-samples are derived for the case of a stationary autoregression of order p
when the number of sub-samples is either fixed or increases with the sample size at an appropriate
rate. The results of a detailed investigation into the finite sample properties of various jackknife
and alternative estimators are reported and it is found that the jackknife can deliver substantial
reductions in bias in autoregressive models. This finding is robust to departures from normality,
ARCH effects and misspecification. The median-unbiasedness and mean squared error properties
are also investigated and compared with alternative methods as are the coverage rates of jackknife-
based confidence inervals.
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1. Introduction

Jackknife techniques have a long history in statistics. The jackknife method of bias reduction
was originally proposed by Quenouille (1956) with Tukey (1958) subsequently demonstrating how
the method could also be used to construct a nonparameteric estimator of variance. As a result it is
often referred to as the Quenouille-Tukey jackknife; see, for example, Efron (1982, p.1). According
to Miller (1964, p.1594) the procedure was named the jackknife by Tukey because “a boy scout’s
jackknife is symbolic of a rough-and-ready instrument capable of being utilized in all contingencies
and emergencies.” The applicability of the jackknife is certainly widespread but it has found fewer
applications in econometrics than rival bootstrap methods. Indeed, Efron (1979) demonstrated
that the jackknife is a linear approximation method for the bootstrap in the case of estimating the
sampling distribution of a random variable based on a sample of i.i.d. (independently and identically
distributed) data, a result that has perhaps been interpreted as favouring the bootstrap in a wider
variety of situations than that to which this result relates. Moreover, as will be shown below, the
standard formulation of the jackknife statistic is applicable only in the case of i.i.d. data, which
may also help to explain its limited application in econometrics.

Notwithstanding the preceeding comments and the proliferation of bootstrap methods in econo-
metrics, there has recently been a realisation that jackknife methods can be effective in reducing
the bias of estimators in models of interest in econometrics. In models with more instruments
than endogenous variables Angrist, Imbens and Krueger (1999) proposed the jackknife instrumen-
tal variables estimator and demonstrated its superior finite sample properties compared to the
two-stage least squares estimator and its comparability to the limited information maximum like-
lihood estimator, although the performance of this estimator has subsequently been criticised by
Davidson and MacKinnon (2006). Hahn, Kuersteiner and Newey (2003) considered both bootstrap
and jackknife bias corrections to maximum likelihood estimators based on an i.i.d. sample while
applications to panel data models (including nonlinear and dynamic models) have been considered
by Hahn and Newey (2004), Hahn and Moon (2006) and Dhaene, Jochmans and Thuysbaert (2006).
Jackknife methods have also been applied to maximum likelihood estimators of the parameters of
continuous time models of the short-term interest rate by Phillips and Yu (2005) who also demon-
strate the resulting gains that can be made by applying such techniques directly to the implied
bond options prices. Based on the encouraging results obtained in the above situations this paper
explores the properties of jackknife methods of estimation and inference in stationary autoregres-
sive (AR) models. In the context of stationary time series Carlstein (1986) proposed an estimator
of variance based on non-overlapping blocks while Kiinsch (1989) considered both jackknife and
bootstrap methods of estimating standard errors by deleting whole blocks of observations. The
focus here, however, is ultimately concerned more with issues of estimation of the parameters in
AR models than it is with variance estimation, although the latter becomes important when using
the jackknife estimator for inference.

Some general theoretical results on jackknife methods applied to a statistic of interest (such as
an estimator of a parameter or a test statistic) are given in section 2. The first result (Theorem 1)
shows how the full-sample and sub-sample statistics should be combined in order to eliminate the
first-order bias in a general setting before considering specific sampling situations such as i.i.d. data
as well as non-overlapping and moving-block sub-samples which are of particular relevance in time



series settings. A further refinement (Theorem 2) shows how statistics from different sub-sampling
methods, or from the same sub-sampling method with different numbers of sub-samples, can be
combined to eliminate both first- and second-order bias from the statistic of interest. Specific
cases of sub-sampling are also considered, and a further general result (Theorem 3) shows how the
jackknife weights need to be modified in cases where sub-samples of unequal lengths are encountered,
this being potentially important in empirical applications.

Section 3 explores jackknife methods of estimation in stationary autoregressive models, the
focus being on the p’th order model with an intercept. The motivation for employing jackknife
estimators in this context is rooted in analytical work that provides Nagar-type expansions for
the bias of the ordinary least squares (OLS) estimator of the AR parameter vector. Theorem 4
derives the limiting distribution of the jackknife estimator based on non-overlapping sub-samples
of the type utilised by Phillips and Yu (2005) and shows that it has the same form as the OLS
estimator irrespective of whether the number of sub-samples is fixed or increases with the sample
size at an appropriate rate. Hence the jackknife estimator has the potential to reduce the finite
sample bias without any loss of asymptotic efficiency, although the effect on the finite sample mean
squared error (MSE) is unknown (but is explored in simulations in section 5). Shao and Tu (1995,
pp.66-67) provide examples where the jackknife statistic can have either a larger or smaller MSE
than the underlying statistic, concluding that, in general, “the relative performance ... is indefinite
and depends on the unknown population” (p.67) and, furthermore, “we should keep in mind that
the jackknife estimator ... is designed to eliminate bias and, therefore, can be used when the bias
is an important issue. We need to balance the advantage of unbiasedness against the drawback of
a large mean squared error ” (pp.67—68). The limiting distribution in Theorem 4 can be used as
the basis for inference provided an appropriate estimator of the asymptotic variance matrix can be
obtained, and two possibilities are provided in Theorem 5.

Section 4 reports the results of an extensive simulation exercise (involving 100,000 replications)
using the AR(1) model in an attempt to obtain evidence on a number of issues, including: which
sub-sampling method produces the greatest bias reduction; the optimal number of sub-samples
to employ; how the optimal number of sub-samples varies with sample size; and the extent of
additional bias reduction that can be achieved by attempting to eliminate the second-order bias.
The results cover a range of sample sizes and a range of positive values for the AR parameter
that approaches the boundary of the stationarity region, these being of greatest empirical relevance
in economics and finance. The analysis of bias reduction using the jackknife when a unit root is
present can be found in Chambers and Kyriacou (2011). Comparisons of the jackknife estimators
are also made with respect to the exact median unbiased (MU) estimator of Andrews (1993) and
a recursive-design wild boostrap estimator based on Gongalves and Kilian (2004). The jackknife
estimators are shown to result in the smallest bias in all cases considered. Section 4 also examines
the robustness of the results to departures from normality, using the parameters of the Gamma
distribution to control the degree of skewness and kurtosis, as well as to autoregressive conditional
heteroskedasticity (ARCH) and to higher-order and misspecified autoregressions.

Additional considerations concerning the performance of the jackknife (and other) techniques
are explored in section 5. Although designed to reduce bias other distributional aspects are impor-
tant to the usefulness of an estimator, and so the median-unbiasedness and mean squared error are



examined first. Simulations reveal that it is possible to obtain an MSE less than the full-sample
OLS estimator by using jackknife (and other) estimators, a feature of the jackknife estimators being
that a larger number of sub-samples is required to minimise root MSE (RMSE) than to minimise
bias. It is also shown that the distributions of the jackknife estimators are much closer to being
median-unbiased than those of the OLS estimator, the latter being significantly negatively biased
particularly for larger values of the AR parameter. Section 5 also looks at the coverage rates of jack-
knife confidence intervals based on the asymptotic distribution in Theorem 4 and compares them
to those of OLS, MU and bootstrap methods. Proofs of all Theorems are contained in Appendix
A, while Appendix B contains supplementary results that are used in the proofs and elsewhere.
Section 6 concludes.

The following notation will be used throughout the paper. The symbol 2 denotes convergence
in probability; % Jenotes convergence in distribution; and, for a k x lvector z, ||z| = ( le x?)1/?

denotes the Euclidean norm.

2. Jackknife methods: some general results

The idea behind the jackknife method of bias reduction is to combine a statistic based on a full
sample of data with a set of statistics based on sub-samples in a way that eliminates the first-order
bias. The statistic of interest, 3, is often an estimator of a parameter or parameter vector although
functions of model parameters and test statistics, for example, can also be considered provided they
satisfy (or are assumed to satisfy) certain properties. The following general result for the jackknife
statistic will be used to deal with specific cases of interest.

Theorem 1. Let y = (y1,...,yn) be a sample of n observations on a random variable and let
Bn = B(y) denote the statistic of interest satisfying

E(By) = B+ + 540 (n?), (1)
where a1 and az are constants. Let Y; (i =1,...,m) denote a set of sub-samples of y, each of which
has equal length ¢ = O(n), and let B = B(Y;) (i =1,...,m) denote the corresponding sub-sample
statistics. Then the jackknife statistic

b= (") - () =2 &)

i=1
satisfies E(B7) = B+ O(n™2).

Theorem 1 is a general result that holds for both i.i.d. samples as well as dependent samples of
the type arising in time series. The expression for bias in (1) can usually be justified by a Nagar-
type expansion; see, for example, Bao and Ullah (2007) for some results in the general time series
setting and Bao (2007) for the AR(1) model under general error distributions. Some specific cases
will now be considered and Theorem 1 will be employed to determine the appropriate weights to
use in the construction of ﬁ 7 based on different sub-sampling methods.

2.1 The i.i.d. case

In the case of a random sample of i.i.d. variables the sub-samples are usually obtained by



deleting observation ¢ from the full sample, so that the sub-samples are given by

Y;:(yl,...,yifl,yi+1,...,yn)/, izl,...,n.

Here, m = n and the size of each sub-sample is / = n — 1. Hence, from Theorem 1, B 7 takes the
form (using the fact that n — ¢ =1)

B =B~ (1) > B (3)
1=1

This is sometimes known as the delete-1 jackknife because each sub-sample deletes one observation
at a time, and its extension to the delete-d case was proposed by Wu (1986) although this extension
will not be pursued here. The form of the jackknife statistic in (3) is the one commonly found in
the literature' but, as demonstrated below, the weights involved in forming Bj]‘d in (3) are not

applicable when using different types of sub-sampling and/or with non-i.i.d. data.
2.2 Non-overlapping sub-samples

In time series settings the above jackknife method of deleting observations from the sample
affects the correlation structure but the jackknife principle can still be applied subject to an ap-
propriate sub-sampling scheme. The key requirement in constructing the sub-samples is that the
dependence structure of the series is maintained. Phillips and Yu (2005) utilise non-overlapping
sub-samples in applying the jackknife in an AR(1) model with intercept, the method working as
follows.

Consider a set of m non-overlapping sub-samples, each of equal length £, chosen so that n =
m X £. The number of sub-samples, m, will be treated as fixed and independent of n, so that the
length of each sub-sample grows with n at the same rate; the assumption of fixed m will be relaxed
later. Sub-sample ¢ therefore contains the following observations:

}/i - (y(i—l)f—‘rl’ .. 7yi€)/a 1= 17 cee, M.

In this set-up we have £ = n/m and n — ¢ = (n/m)(m — 1) and it follows that the weights in (2)
become
n m l 1

— d = —_—
n—t m—1 "M LT o

resulting in the following jackknife statistic:

fom= (-2 b () 20 0
m = \m—1) ™ m—1/)m = v
This expression corresponds to the form of jackknife estimator used by Phillips and Yu (2005).
2.8 Moving-block sub-samples

An alternative to non-overlapping sub-samples is to use a moving block of length ¢. If each
block is incremented by one observation the result is a set of m = n— ¢+ 1 sub-samples of the form

Y = is- s Yipe—1)'s i=1,...,m.

!See, for example, Quenouille (1956, p.354) or equation (2.8) of Efron (1982).



In this case n — £ = m — 1 and the jackknife statistic is easily seen to be
g _ (L1 Ng _(_f Y1s~p

Note that in constructing the moving-block sub-samples it is the case that (some) observations are

used more than once which is not the case with the non-overlapping blocks.

Another type of moving-block scheme is obtained by shifting the (non-overlapping) block of
length ¢ = n/m by £/2 observations (assuming ¢ is even) rather than just one observation each time
so that each block overlaps with just two others (except for the first and last blocks which overlap
with just one other block). The result is a set of 2m — 1 moving blocks, each sub-sample being

/
Y, = (yu[(iq)z/z], e 7y€+[(i71)£/2]) ;o t=1,....2m — 1,

where [z] denotes the integer part of x. In this case n — ¢ = (n/m)(m — 1) and hence

2m—1
1 m

= () A (et) sy 2 B (©)

1

Other types of moving-block sub-sampling can, of course, also be considered.
2.4 Higher-order bias reduction

The idea of re-applying the jackknife method in an attempt to reduce higher-order bias terms
goes back to Quenouille (1956) and was further developed by Schucany, Gray and Owen (1971). As
shown below it is not actually necessary to re-apply the jackknife itself because the ability to use
different sub-sampling methods, or indeed to use statistics based on different numbers of a given
type of sub-sample, enables higher-order bias corrections to be carried out directly. The result is
presented in Theorem 2 below.

Theorem 2. Let y and Bn be defined as in Theorem 1, and let Y1, (i = 1,...,m1) and Y3,
(i = 1,...,m3) denote two differing sets of sub-samples of lengths {1 and ¢y respectively, where
i =0(Mm) (i =1,2). Let Bl,i (i =1,...,mq) and Bgﬂ‘ (i = 1,...,mq) denote the corresponding
sub-sample statistics. Then the jackknife statistic

R R 1 mi 1 m2
BJ,(mhmz) = wyfBp + U)lrLWT1 ; /81,1' + w2nm72 ; 62,2’ (7)

with weights given by
n? 2 3
y Win = — , Wan = )
(n— 1) (n— L) (n—4) (6 — £s) (n—L2) (b1 — £2)
satisfies E(B7) = B+ O(n™3).

Wp =

The sub-samples in Theorem 2 can be obtained either using different sub-sampling methods
or using different numbers of sub-samples for a given method. As an example of the first type,
consider the case where the Bl,z’ statistics are obtained from non-overlapping sub-samples and the
32,1- statistics are computed using moving blocks. In this case £; = n/m; and ¢o = n —ma + 1 so



that n — ¢; = (n/mq)(mq1 — 1) and n — ¢ = mg — 1, resulting in the weights

nmi n E%
, Win = — , Wanp = .
(my — )(mg —1)" mi(mi — 1)l — b)" " (mg— 1)(6 — bo)

An example of the second type is where non-overlapping sub-samples are used for both methods,

Wnp =

provided that m; # mg. Then ¢; = n/m; and ¢o = n/mg so that n — ¢ = (n/my)(m1 — 1),
n — Ly = (n/ma)(me — 1) and £ — €y = (n/(myima))(mg — mq), yielding

mims ma my
(m1 — D(mg—1)" "™~ o =

(m1 — 1)(7712 — ml)’
Other combinations of sub-sampling methods can, of course, be utilised.

o= (ma — 1)(ma — m1)’

2.5 Unequal sub-sample lengths

So far it has been assumed that the m sub-samples each have equal length ¢, but in practical
circumstances it is desirable to allow for situations in which this is not the case. For example, in
the case of non-overlapping sub-samples, taking m = 4 with a sample of size n = 50 means that
at least one sub-sample is of a different size to the others. In this example it would be possible to
have three sub-samples of length ¢ = 12 and one of length ¢ = 14 or two of length £ = 12 and two
of length ¢ = 13. Once different sub-sample lengths are employed the appropriate weights to use in
constructing the jackknife estimator change from those presented previously. The following result
extends Theorem 1 to deal with this situation.

Theorem 3. Let y and ﬁAn be defined as in Theorem 1, and let Yi; (i = 1,...,m1) and Yo
(i=mi1+1,...,m +mg) denote two differing sets of sub-samples of lengths €1 and {5 respectively,
where £; = O(n) (i = 1,2) and my +my = m. Let B; (i = 1,...,m) denote the corresponding
sub-sample statistics. Then the jackknife statistic

N « 1™ .
miz

with weights given by

mln(€1 - 82) - mnfl k _ mflég
mln(fl — fg) — mél(n — 62) ’ In mln(€1 — 62) — m€1 (’I’L — 62)’

satisfies E(By) = B+ O(n~2).

ke =

The result in Theorem 3 assumes that there are two different sub-sample lengths in use which
should be sufficient for most applications, although extending the result to more than two sub-
sample lengths is straightforward. Alternatively, if mf < n, it would be possible to simply ignore
the first n — m¥ observations, although in relatively small samples such discarding of data may not
be particularly desirable. Asymptotically, however, such discarding of data may be less important,
as pointed out by Hall, Horowitz and Jing (1995) in the context of bootstrap blocking rules with
dependent data.



3. Jackknife estimation in stationary autoregressions
The focus is the AR(p) process defined in Assumption 1.

Assumption 1. The observations y1, ..., y, satisfy
yt:a+¢1yt71+---+¢pyt7p+€ta t:]-a---vna (9)

where ¢ ~ i.i.d.(0,02) with finite fourth moment and the roots of the equation ¢(z) = 0, where
d(z) =1— 1z — ... ¢pzP, lie outside the unit circle.

It is convenient to write the model in the form
w=xf+e, t=1,...,n, (10)

where zy = (1, y¢—1,...,yt—p) and B = (o, ¢1,...,¢p)", and to assume that y_p41,...,yo are also
observed so that the ordinary least squares (OLS) estimator of 3 is

R n -1 n n -1 n
o= (Smat) Sa =+ (Sot) S
t=1 t=1 t=1 t=1
Writing 5 = («a, ¢’)’, where ¢ = (¢1,...,¢p) is the vector of autoregressive parameters, Shaman

and Stine (1988) demonstrate that the expectation of the OLS estimator of ¢ satisfies a Nagar-type
expansion of the form in (1) i.e. that

E(dn) = ¢+ +0(n?),

where qgn denotes the appropriate sub-vector of Bn, ie. Bn = (dn,q%l)’ . It seems reasonable to
expect that the entire vector ﬁn also satisfies a similar expansion in view of the results of Bao and
Ullah (2007) for bias expansions in general time series models. For p = 1,2,4 the first-order bias
vector aj for ¢, is given in Table 1 of Shaman and Stine (1988) by:

p=1: a3 =—(143¢1);
p=2: a1 =—(14+¢1+ ¢2,2 +4¢2)";
p=4: a1=—(1+¢1+ ¢4,2 — ¢1 + 2¢2 + ¢3 + 24,1 — 2¢1 + 53 + P4, 2 + 6¢4)".

The proof of the existence of the first-order bias term a;/n for ¢n by Shaman and Stine (1988)
suggests that the jackknife methods may well be successful in removing the first-order bias in finite
samples in view of the results in section 2. For example, considering the jackknife estimator of ¢
based on non-overlapping sub-intervals as in (4), we would expect F ((ZS Jm) = ¢+ O0(n~?), and the
ability of the jackknife estimators to reduce bias in this way is explored via the use of simulations in
the next section. However, it is also of interest to examine the asymptotic properties of the jackknife
estimators, especially if they are to be used for the purposes of inference about the autoregressive
parameters.

Assumption 1 ensures that, as n — oo, Bn % 3 and, furthermore, that

VialBa — 8) % N(0,6°Q7),



where

1 W " 7 1
T T (I T AR ST

Q=Emaz))= |1 m+u* p+pd . opatpd || (11)
R o A Ve

p = E(y) = a/é(1) and v; = E(y1y,—|;|); such results are standard in the literature, an excel-
lent textbook treatment being Hamilton (1994, p.216). The jackknife estimator based on non-
overlapping sub-samples, of the type used by Phillips and Yu (2005), is defined by

. m - 1 1 & .
Bim = mﬁn - (m—l) m;ﬁja (12)

where m denotes the number of sub-samples, each having length ¢, where n = m x £, and the
sub-sample estimators are

-1
BJ = (Z 1‘th> thyta J = 17"'7m7 (13)
teT; teT;

with 7; = {(j — 1)¢ + 1,...,j¢} denoting the set of integers determining the observations in sub-
sample j. Two scenarios concerning the number of sub-samples, m, shall be considered. The first
is where m is fixed as n — oo, while the second allows m to increase with, but more slowly than,
n. In both cases £ increases with n, an implication under Assumption 1 being that the sub-sample
estimators satisfy ﬁ’j 2 B as ¢ — oo and that

VIB; - B) 5 N(0,0%Q7Y), j=1,...,m, (14)

where Q; = plim, Lol Tt ZteTj zyxy; clearly, Q; = @ and so the sub-sample estimators have the
same limiting distribution as the full-sample estimator, Bn The limiting properties of B Jom are
given below for both scenarios concerning m.

Theorem 4. Let y = (y1,...,yn) be a sample of n observations satisfying Assumption 1 and let
BAJM be defined as in (12). Then, as n — oo, Bj’m 2 8 and

5 d _
\/ﬁ(ﬁJ,m - ﬁ) — N(Oa UQQ l)a
both when m is fized and when m™" +mn~1 — 0.

Theorem 4 shows that 3 J,m is consistent and asymptotically normally distributed and, further-
more, that there is no loss of asymptotic efficiency compared to Bn It is also interesting that this
result holds irrespective of whether the number of sub-samples increases with n or is held fixed.

As far as asymptotic inference about ( is concerned the distribution in Theorem 4 provides
a suitable basis, and a consistent estimator of V; = ¢2Q~! is required. The following result
demonstrates the consistency of an estimator of o2 based on the jackknife residuals as well as the
consistency of two possible estimators of V.

Theorem 5. Let y = (y1,...,yn)" be a sample of n observations satisfying Assumption 1 and let
BJ,m be defined as in (12). Furthermore let e, ; = yy — xéﬁ:}m (t =1,...,n) denote the residuals



from the jackknife estimation, let

. 1
=t

e
n—p—1

n
i (15)
t=1

denote an estimator of o2 based on these residuals, and define the following two estimators of Vy:

-1
N . 1
= O’?I (n waé) , (16)

-1 -1
~ mim—2) 5 (1 & 1 o [ 1
VJ,m = WO’J (n l‘tCC;) + WO’J Z Z Z ﬂjtﬂfé . (17)

t=1

Then, asn — oo, 63 N o2, Vi BV and VJ,m EaN V7, both for fired m and when m~'4+mn=1 — 0.

The consistency of the estimator &3 follows by standard arguments, using the consistency of
B Jm- The estimator VJ is, in many ways, the ‘obvious’ estimator of Vj, although it does not take
into account sub-sample information in the way that the jackknife estimator B Jm does. Given
that @ is also consistently estimated by the sub-sample moment matrices suggests that it may be
advantageous to incorporate these sub-sample quantities in a single expression in much the same
way as the jackknife estimator itself utilises the sub-sample estimators of 8. Lemma 2 in Appendix
B provides an expression for the variance matrix of 3 Jm based on OLS regression formulae which
motivates the definition of Vj,, in (17).

4. Finite sample bias reduction

In this section the finite sample bias reduction properties of the jackknife estimators of au-
toregressive parameters are explored using simulations. The initial focus is bias reduction in the
AR(1) model, including an assessment of the effects of non-normal and ARCH disturbances, before
higher-order and misspecified autoregressive models are considered. Comparisons with alternative
estimators are also provided, while other distributional considerations and the issue of inference
are explored in section 5.

4.1 AR(1) model with i.i.d. Normal disturbances
The model under consideration is defined by
y=a+oy_1+e, |p <1, &~iid N(0,6%), t=1,...,n, (18)
which satisfies Assumption 1 with p = 1. The full-sample OLS estimator of 8 = (a, @)’ is
R & n -1 5
B = ( N ) = (Zl“tﬂ?;) Zl‘tyt,
Pn t=1 t=1

/

where z; = (1,y:—1) and yp is assumed to be observed. In this model Sawa (1978) found the

following moment expansion, originally due to Kendall (1954), to work well, despite its simplicity:

E(qﬁn—¢)=—1+3¢+0(n—2). (19)

n




It is also possible to characterise the O(n~2) term in an expansion of the bias. Under normality
the results in Bao (2007) show that, conditional on ¥y,

. 1439 1 [36-96°—1 1436 (a—(1-¢d)y)"
B(dn-0) =145 -6 +(1—¢>)2( o )

This representation has implications for the efficacy of the second-order bias reducing jackknife

+0(n7%). (20)

estimator defined in Theorem 2, and is discussed further below.

A number of jackknife and other estimators were considered in the simulations. The first
jackknife estimator is based on non-overlapping sub-samples and is defined in (4). In view of the
above expansions this estimator of ¢ eliminates the first-order bias term —(1 + 3¢)/n and satisfies

E (fsm—0) =0(n7),
and a key issue to address is how the remaining finite sample bias is affected by the choice of m,
the number of sub-samples. Other jackknife estimators include the moving-block estimators qbf}f?n
and ¢¥52, defined in (5) and (6) respectively, and the second-order jackknife estimator ¢ J(

Jm>
defined in Theorem 2 and based on non-overlapping sub-samples. Both moving-blocks estimators

mi,ma)

also eliminate the first-order bias term but typically involve a larger number of sub-sample estimates
than ngS Jm- The second-order jackknife estimator, however, is not able to remove fully the second-
order bias term as intended in view of (20). The reason for this is that, for sub-samples beyond the
first, the expansion (20) implies (for j = 2,...,m) that, conditional on the pre-sub-sample value

Yi-1)es

E(dj—9¢) = + ~

1436 1 [36-902—1 1436 (a—(1—-y ) 3
T e 1-4 +(1—¢)2< o ()

in which the O(£=2) term also depends on j via the presence of Y(j—1)y¢- This clearly violates (1)
on which the result for ¢, m,) in Theorem 2 relies. The weights defined in Theorem 2 remove
the term (3¢ —9¢% —1)/(1 — ¢) from the second-order bias but there remains a combination of the
terms involving y(;_1)¢; in fact, it is shown in Appendix B that

- B
E (s myma) =) = —5 +0(n™"), (21)
where
C(143¢) mumy |22 a-(1-dyynn )’ S [(a—0-dyive
BZ_ (1—¢)2 (mQ_ml) [;( g ]222 o .

Although not eliminating the second-order bias term in its entirety as intended, it is nevertheless
of interest to investigate the performance of an estimator of the form of ¢ (s, m,) in terms of its
potential additional bias reduction over that achieved by ¢ .

It is also of interest and of some importance to compare the performance of the jackknife
estimators not only with the OLS estimator but also with other rival estimators that have been
developed to improve on the properties of q@n For this purpose two further estimators of ¢ are
considered, these being the exact median unbiased estimator (MUE) of Andrews (1993) and a
recursive-design wild bootstrap estimator of the type proposed by Gongalves and Kilian (2004) for
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autoregressions with non-i.i.d. disturbances (with a view to relaxing the i.i.d. assumption in the next
section). Other estimators are, of course, also possible, including generalised method of moments
estimators, based on unconditional moments, as well as estimators that exploit conditional moment
restrictions. Examples of the latter estimators can be found in Gospodinov and Otsu (2009) who
extend previous work of, for example, Kitamura, Tripathi and Ahn (2004) and Smith (2007) to the
case of dependent data, in particular AR models. These particular alternatives are not pursued
here, however, with the focus of the comparisons of the jackknife estimators being with the exact
MUE and the bootstrap in addition to the OLS estimator.

The exact MUE estimator, denoted qBMU, is defined by

1 if ¢, >med(1);
duiv =4 med ' (¢,) if med(—1) < ¢, < med(1);
-1 if an < med(_1)7

where med(¢) is the median function of ¢,. The function med(¢) was calculated as in Andrews
(1993) at a grid of points in (—1, 1] for each of the sample sizes considered and then linear inter-
polation was used to determine (ﬁMU. The bootstrap estimator, denoted (iBS, is defined as follows.
Let e, =y — :z:gﬂAn (t =1,...,n) denote the full-sample OLS residuals. Then, given yo, a total of
B = 1000 bootstrap samples are computed recursively according to

i =aiBp+e, t=1,...,n,

where 27 = [1,y;_;]' and € = e with 1 an i.i.d. sequence with mean zero and unit variance,
which was taken to be N(0,1). For each bootstrap sample the OLS vector

n -1 n
Brp = (fo:cf’) foyf, b=1,...,B,
t=1 t=1
is obtained and then the bias-corrected estimator
N ) 1 B, .
¢Bs = 2571 - E Z B:;,b
b=1
is computed. This bootstrap process is repeated for each replication.

In the simulations the intercept was chosen to satisfy o = (1 — ¢)yp so as to remove the
dependence of the O(n~2) term on yo and also to make ¢én, invariant to o and yo. A total of 100,000
replications of each experiment were carried out with o2 = 1 and o = 0 (without loss of generality).
The simulations are based on a range of autoregressive parameter values that would appear to be
most relevant in practice, so that ¢; € {0.1,0.3,0.5,0.7,0.9,0.95,0.99}, and the sample sizes are
n € {24,48,96,192}. These particular sample sizes enable a range of values of m, the number of
non-overlapping sub-samples used in constructing the jackknife estimators, to be considered.

Table 1 reports the bias of the OLS estimator d;n as well as the jackknife and other estimators.
Results for qB J.m for values of m € {2,3,4,6,8} are reported as these gave the smallest bias; larger
values of m were also considered where possible but the results are not reported for reasons of
economy. It is clear that, for all sample sizes and parameter values, each of the jackknife estimators
produces substantial bias reduction compared to the OLS estimator, with the bias increasing in
absolute value monotonically with m. The minimum bias is obtained using just m = 2 sub-samples.
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For ¢ = 0.1 and n = 24 the resulting bias reduction is of the order of 94% while for ¢ = 0.99 and
n =24 it is 78% rising to 98% when n = 192. Table 1 also reports the bias results for the jackknife
estimators qﬁ 72 1}4"232 and qg 7,(2,3)- In eighteen of the twenty-eight combinations of ¢ and n reported
in Table 1 it is the estimator ¢2 J,(2,3) that produces the smallest absolute bias, improving even on
the performance of the estimator ¢ ;2. For example, when ¢ = 0.1 and n = 24 the resulting bias
reduction is of the order of 96% while for ¢ = 0.99 and n = 24 it is 92% rising to 98% when
n = 192. It is noteworthy that this estimator is capable of further bias reduction over ngﬁ J,2 despite
not removing fully the second-order bias. In only two cases does the estimator qSM produce the
minimum bias while qﬁMBQ does so in none of the cases, although both estimators do reduce the
bias substantlally compared to the OLS estimator. The other, non-jackknife, estimators under
consideration, ngU and gbBS, both have considerably reduced bias compared to qbn, although the
bias reduction of these estimators is unable to match that of the jackknife estimators gb J2 and

QASJ,(2,3)'

4.2 Non-normal and ARCH disturbances

All results reported so far have been based on {¢;}}-; being an i.i.d. Normal sequence. Indeed
most theoretical results concerning the moments of the OLS estimator in the AR(1) model are based
on such an assumption, although Bao (1997) has derived analagous expansions for bias and mean
square error that allow for non-normality. It is of interest, therefore, to investigate the robustness
of the results concerning the jackknife estimators to departures from normality. In order to do this
the gamma distribution is used with two combinations of its parameters to generate successively
larger departures from normality in terms of the skewness and kurtosis of the distributions; it is
convenient to let us and p4 denote the skewness and kurtosis coefficients, respectively. If a random
variable z ~ I'(a,b) then E(x) = ab, var(z) = ab?, pus = 2/y/a and puy = 3 + (6/a). Clearly
generating ¢; ~ I'(a, b) — ab ensures a zero mean and setting ab? = 1 delivers a unit variance, as in
the i.i.d. Normal setting. Subject to this requirement the following combinations of a and b were
used: @ = 1, b = 1 and a = 0.1, b = /10, the first combination yeielding p3 = 2 and py = 9,
the second ps = 6.32 and pg = 63. Both of these combinations therefore introduce skewness and
kurtosis relative to the normal distribution, the second one involving greater amounts of both than
the first.

Table 2 reports the bias of the estimators gbn, gb J,2, qu 7,(2,3)s ngU and qus under Gamma dis-
turbances as outlined above for values of ¢ € {0.5,0.7,0.9,0.95,0.99}. The actual bias of the OLS
estimator gﬁn is typically smaller in absolute terms than under normality (compare the entries in
Table 1) but the other estimators are still able to reduce the bias significantly. For I'(1,1) distur-
bances the minimum bias is achieved by the estimator (5 7,(2,3) in seventeen of the twenty cases with
¢2 producing the minimum bias in the remaining three. With the greater skewness and kurtosis
produced by the I'(0.1,1/10) distribution it is the estimator dA) J,(2,3) that once again dominates in
terms of bias reduction in fourteen of the twenty cases with ¢y producing the smallest bias in five
of the remaining six cases.

In the case of ARCH disturbances ¢, = hyv; where v; is i.i.d. N(0, 1),
hi = o%(1—=\) + A6y,

02 denotes the unconditional variance and A is the ARCH parameter. The value A = 0.5 is
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chosen for the simulations which (with o2 = 1) produces time-varying conditional variances of
0.5 + 0.5¢2 ;. The kurtosis, given by us = 3(1 — A?)/(1 — 3)?), is equal to 9 and matches the
kurtosis obtained with the first combination of parameters for the Gamma variates used previously.
The simulated biases of the five estimators considered above are reported in Table 3 for values of
¢ € {0.5,0.7,0.9,0.95,0.99}. The OLS bias tends to be larger in magnitude than the corresponding
values in Table 1 and, although both jackknife estimators are capable of substantial bias reduction,
it is not as great as when the disturbances are i.i.d. (normal or non-normal). Nevertheless the two
jackknife estimators produce the smallest (absolute) bias in all of the twenty cases considered.

4.8 Higher-order and misspecified autoregressions

In order to examine the preformance of the jackknife and alternative estimators in higher-order
autoregressions simulations were carried out for the AR(p) model with i.i.d. Normal disturbances
with p = 2 and p = 4, the analysis of the effects of misspecification being conducted by estimating
the over- or under-parameterised model. Instead of reporting the results for each individual coef-
ficient the attention focuses instead on the persistence measure p which is equal to the sum of the
autoregressive coefficients. The model is defined (for general p) by

yt:a+¢1yt—1+-~-+¢pyt—p+6t7 tZlv"'ana (22)

where a = u(1—p), p =31 1 ¢i, p = E(y) and yo = y—1 = ... = y_pt1 = p. The parameter
values, taken from Patterson (2000), are as follows. In the AR(2) model, ¢; = 1.25 and ¢ = —0.35,
while in the AR(4) model ¢ = 1.20, ¢ = —0.55, ¢3 = 0.40 and ¢4 = —0.15. The corresponding
roots are 2.3616 and 1.2098 in the AR(2) model and —0.2428 + 1.6834, 2 and 1.1523 in the AR(4)
model. In both cases the persistence measure p = 0.90 and the unconditional mean of y; is taken
to be p = 0.1. The parameters were chosen to be consistent with the high persistence found in
many macroeconomic time series.

The results of the simulations are reported in Table 4 which contains the bias of pn, pJ2,
pJ,2,3) and pes. Not surprisingly the biases of all estimators have a tendency to be higher when the
model is misspecified, but the smallest (absolute) biases are obtained with the jackknife estimators,
particularly pj (2 3) which produces the minimum bias in twelve out of the sixteen cases considered
in Table 4 with p ;o producing the smallest bias in the four remaining cases. Accurate estimation of
p is important in determining long-run multiplier effects based on stationary autoregressions as well
as in the estimation of spectral densities at the origin; see, for example, Berk (1974). The estimation
of such quantities is also important in the construction of the modified unit root statistics of Ng
and Perron (2001).

5. Other finite sample properties and inference

Although finite sample bias reduction is an important and attractive feature of the jackknife
estimators considered in the previous section, there are also other aspects of these estimators’ per-
formance that are important to consider. In this section three further considerations are addressed,
namely median-unbiasedness, mean squared error, and coverage rates of confidence intervals.
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5.1 Median-unbiasedness
An estimator 3 of A is said to be median-unbiased if
Pr(8>£)>0.5 and Pr(6 <) >0.5.

This concept can be of more relevance than mean-unbiasedness in situations where the distribution
of the estimator is asymmetric or skewed, as in the case of the OLS estimator of the autoregres-
sive parameter. Although the jackknife estimators are not designed to be median-unbiased it is
nevertheless of interest to assess whether they also provide advantages over OLS in this regard.
Table 5 reports the percentage of the distribution of the estimators (ﬁn, (5 J.2 qg 7,(2,3)5 éMU and qBBS
for which the bias is negative in the AR(1) model when subject to Normal and Gamma distur-
bances. The OLS estimator suffers from substantial skewness especially for larger values of ¢ but
this is, to a large extent, eliminated by all of the estimators under Normal disturbances, the MU
estimator working particularly well in this setting, as it is designed to do. The improvements are
particularly striking for larger values of ¢ for which the distribution of the OLS estimator ¢Sn is
severely skewed. The estimators also show improvements over OLS when the error distribution is
Gamma instead of Normal, the MU estimator in particular maintaining its good performance even
under non-normal disturbances. The jackknife estimators appear to enjoy good median-unbiased
properties even when ¢ is large and also for small sample sizes.

5.2 Mean squared error

Although the jackknife method is designed to eliminate the first-order bias of a statistic, MSE
considerations are also of interest to explore. In the AR(1) model with intercept the results of Bao
(2007) provide (under normality)

E(dn—9) = 1_¢2+l23¢ +10¢ - +z( (U ¢)y0>21+0(n_3). (23)

When a = (1—¢)yo, as in the simulations, the effect of 1o (and ¢?) in the O(n~2) term is eliminated

for gﬁn Table 6 reports the root mean squared error (RMSE) of the estimators QASn, é 7.2 qg 7,(2,3)s qBMU
and ¢gs, along with two additional jackknife estimators, denoted ¢ jm, and ¢ j (m, m,),- The former
is the jackknife estimator ¢, obtained using the RMSE-minimising value of m, denoted m,., while
the latter is the estimator dA) J,(m1,m») Obtained using the RMSE-minimising values of m; and ma,
denoted (my, mga),. The values m, and (m1, mg), were determined by computing the estimators for
a range of values of m € {2,3,4,6,8,12,16, 24,48} (subject to sample size) and combinations of m;
and my from this set of values, and choosing those values resulting in the smallest simulated RMSE.
The values of m, and (ml,mg) are reported in Table 6 in superscripts next to the appropriate
entry. The estimators gb J.2 d) J7,(2,3) are, of course, the jackknife estimators that minimise bias,
and so it is useful to see not only how these estimators based on the bias-minimising values of m
perform in an RMSE sense but also to ascertain how these bias-minimising values compare with
the RMSE-minimising values.

For the smallest values of ¢ considered, namely ¢ = 0.1 and ¢ = 0.3, the OLS estimator gZ;n
results in the smallest RMSE, although gg Jm, and ngU are on a par for the largest sample size
when ¢ = 0.3. For larger values of ¢ it is the estimator &MU that dominates, producing the smallest
RMSE value in fifteen of the remaining twenty cases. This is presumably due to the way in which
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the estimator never exceeds the value of one by definition, a truncation that is not a feature of the
other estimators and which would tend to reduce the variance for larger values of ¢. The estimators
that provide the smallest RMSE in the other cases are d; Jm, (in seven cases, four jointly with qASMU)
and gZ;(L(mth) (in one case).

In terms of the jackknife estimators, it appears in most cases in Table 6 that the greatest
bias reduction (as demonstrated by QAS J2 and (i J7(273)) comes at the cost of increased variance which
also increases the RMSE as compared to ¢,. This increased variance is particularly acute in the
case of qg 7,(2,3)- However, Table 6 also shows that the RMSE of the jackknife estimators can be
reduced by suitable choice of m and (m1,m2), and these RMSE-minimising values are shown to be
an increasing function of sample size and to be larger than the bias-minimising values.

5.8 Confidence intervals

Although bias and RMSE reduction may be important aspects of an estimator, the issue
of statistical inference is also important, and so the coverage rates of (nominal) 90% confidence
intervals of the jackknife estimators were compared with those of rival methods, namely OLS,
the MUE and the bootstrap. The benchmark case was taken to be the OLS estimator, gﬁn, of
the parameter ¢ in the AR(1) model (18) with normally distributed innovations. The limiting
distribution of \/ﬁ(én — ¢) is N(0, (72622_21),622_21 being the second diagonal element of the matrix
Q! where Q = plim,,_,oon ! Y27 22} and 7y = (1,_1)". A two-sided asymptotic 90% confidence
interval can therefore be constructed as

Q22
NG

where 2 is the OLS error variance estimator and Q2_21 is the second diagonal element of the matrix

bn £ 1. 6457V 92

(n=1 30, x424) . From Theorems 4 and 5 a similar two-sided asymptotic 90% confidence interval
based on the jackknife estimator ¢ ;,, can be constructed as

~ \/ VJ,m,22
Ggm £ 1.645———,
3 \/ﬁ
where V‘]’mgg denotes the second diagonal element of the matrix Vj’m defined in Theorem 5. A
similar procedure can be applied for the second-order jackknife estimator (;AS J,(m1,mz) Tesulting in

" VJ7(m17m2)’22
B ) 16453,

where VJ (m1,m2),22 denotes the second diagonal element of an estimator of the asymptotic covariance
matrix of ¢ J,(m1,ms) Which can be derived from the expression for the variance matrix given in
Lemma 3 in Appendix B. For the MUE the technique of obtaining (exact) confidence intervals is
outlined in Andrews (1993, pp. 152-153) for which linear interpolation between a grid of values for
the sample sizes used here is employed. Finally, the bootstrap is used to determine appropriate
critical values for the confidence interval based on ¢3n by simulating the distribution using B = 1000
replications, yielding lower and upper values, t§ o5 and ¢ o5, these being the 5% and 95% quantiles
of the bootstrap distribution of the t-statistic. The resulting two-sided 90% bootstrap confidence
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interval is

~ [A—1 - [A—1
0\/Qxn - G/ Q2

bn — t3.95ﬁa Pn — t8.05T

The results of 100,000 simulations for ¢ € {0.5,0.7,0.9,0.95,0.99}) are summarised in Table 7
which reports, for each estimation method, the separate upper and lower tail probabilities, denoted
Py and Py, respectively, of the two-sided confidence intervals. They can equivalently be regarded as
the type I errors associated with one-sided 95% confidence intervals. Two variants of each jackknife
estimator were considered, these corresponding to the bias- and RMSE-minimising values of m and
(mq, mg). It is clear from Table 7 that the OLS-based confidence intervals have much larger type
I errors in the upper tail than in the lower tail, the divergence becoming increasingly severe as
¢ tends towards unity. The other methods are better able to equalise these upper and lower tail
probabilities, particularly as the sample sizes increase, with the MUE-based confidence intervals
achieving the best equalisation overall.

6. Concluding comments

This paper, in addition to providing some general theoretical results concerning jackknife meth-
ods, has conducted an extensive investigation into the use of the jackknife as a method of estimation
and inference in stationary autoregressive models. A method based on the use of non-overlapping
sub-intervals is found to work particularly well and is capable of reducing bias and RMSE com-
pared to OLS, subject to a suitable choice of the number of sub-samples. The jackknife estimators
also outperform OLS and other estimators when the distribution of the disturbances departs from
normality and when it is subject to ARCH effects, and is much closer to being median-unbiased.
The performance of jackknife-based confidence intervals is also competitive with rival methods
and is able to improve on the OLS-based confidence intervals, although choosing the number of
sub-intervals is an important consideration.

The results obtained in this paper are encouraging for the use of jackknife methods in time
series models, and many further avenues present themselves for exploration. A natural extension
of potential importance is to consider jackknife methods of bias reduction applied to AR models
containing a unit root in which the OLS estimator is known to be severely negatively biased. An
analysis of bias reduction in the unit root case can be found in Chambers and Kyriacou (2011), and
further work (in progress) is examining the performance of the bias-reduced jackknife estimators in
actually testing for unit roots. In addition data-based methods for the determination of the optimal
number of sub-samples for bias- and RMSE-minimisation would appear to be an important avenue
of investigation.
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Appendix A: Proofs of Theorems

Proof of Theorem 1. Let BJ be of the generic form By = klan + kan(1/m) 3, B;; note that

E(G)=8+2 +£—2+0( ), i=1....m.

Then it follows from the above and (1) that
EBy) = ki (ﬁ + (j;) + han (6 + “1) +0(n72)

k1 ka
= (kin + k2n)B + a1 <+> +0 (n7?).
14
The result in the Theorem then holds if ki, + k2p, = 1 and (k1,,/n) + (k2n/¢) = 0; these conditions
are easily solved to give k1, = n/(n —{) and kop, = —¢/(n — ). O
Proof of Theorem 2. First note that

50 ar | a2 -3 -
E(ﬂj,l)_ﬁ+€j+€?+o(n ), i=12

It follows that
~ a Qa
BBy (mrms)) = Wn (5+nl+§> +wip (5+ £§> +wap <ﬁ+ 62) + 7
Win Wan Wn, Win Wan,
:(wn+w1n+w2n)5+al<n+£l+€2>+a2(n2+ £2 + €2>+Tn

where r, = O(n=3). In order that E(,@J’(ml’mQ)) = B+ O(n73) it is therefore necessary for the
following three conditions to be satisfied:
Win . W2p Win . W2p

(1) wp + wip + woy = 1; (11)7—1—74—@—0 and(ul)n—;—l— €2 + 52

Solving these conditions yields the weights specified in the Theorem. O

=0.

Proof of Theorem 3. Following the proof of Theorem 1 it is convenient to let the jackknife
estimator have the generic form B}J = K1nBn+kan(1/m) 7, Bi so that the objective is to determine
kin and ko,. Under the conditions of the Theorem it follows that

E(B}J) = kin (3 + C;Ll) + kon (5 + aimi + a1m2) +0 (n—z)

m€1 mEQ
_ k1n konmi konmo —9
= (k1n+k2n)6+a1( + il + b >+O<n )

To eliminate the first-order bias and to have E(B}}) = B+ 0(n~?) it is necessary that ki, + ko, = 1
and (k1p/n) + (kepmi/mly) + (kapma/mls) = 0; solving these equations yields the values for ki,
and kg, in the Theorem. O

Proof of Theorem 4. The proof of consistency when m is fixed follows straightforwardly by

considering
. . 1 mo
B —B) = —— (B — ) — ———— 38— B) 0 24
o= ) = 2500 = B) = 3y 32055 = 9) (24)

by virtue of the consistency of 3, and the B]- (j=1,...,m). When m~' +mn~! — 0 we first show
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that the second term in (24) is 0,(1) by considering, for any € > 0,

r (i HBJ - BH > em(m — 1))
j=1

(13-4}
L (25)

e2m?(m — 1)2

vV

(@)
~

IN

2
by use of Chebyshev’s inequality. But E (i HBJ — BH) < mZ’j":l E HB} — BHQ by the Cauchy-
j=1

Schwarz inequality, while

A o P
=8| =BG - B = 0();
k=1

see, for example, equation (A.2) of Bao and Ullah (2007) for the MSE of the OLS estimator in the
general case and Bao (2007) for the AR(1) model. Hence the right-hand side of (25) is bounded by
an O(¢~'m™2) quantity which is also o(1) under the assumption on m. It follows that

A m A
(Bym = B) = ——(Bn = B) +0p(1) 5 0
by the consistency of Bn

The proof of asumptotic normality considers the joint convergence of Bn and the sub-sample
estimators §; (j = 1,...,m) and utilises the convergence result in Lemma 1 of Appendix B. First,
note that the normalised jackknife estimator can be written

Vi(Brm = B) = amy/n(Bn — 8) = bm fo (26)

where a,, =m/(m — 1) and b, = 1/(\F( —1)). Clearly

NS ( thmt> ! 2“: Ti€q,

-1
V(B ( Zaztxt) ZItEt, (j=1,...,m).

ter tGTJ

It is also convenient to define the (p 4+ 1) x (m + 1)(p + 1) matrix B, and the (m +1)(p+1) x 1
vector b,, as follows:

Lo -1 -1 —1
/
B, = |am —E T4y E xtact - E xt:vt ,
n
t=1 tEn tETm

!/
1 n
by, = [n Zx;et, ﬁ Z Z xtet] ;

teT tETm
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this enables the normalised jackknife estimator to be written in the form
\/E(BJ,m - B) = Bnbn

When m is fixed as n — oo the results in Lemma 1 are relevant. In the notation of Lemma 1 the
sub-blocks of B, are the inverses of the appropriate diagonal blocks of D !> " | 22/ D, while
by, = D1 Y1 216, and so immediately it follows that

By B B = [anQ7!, 5@, =bnQ 7Y by S N (0,0%Qum).
Hence

Vi(Brm = ) 5 N(0,0*BuQuB,,).
It can further be shown that

B Qo Bl = oo = b ) Q= it (G2 =1, Q71 = Q!

upon evaluation of the coefficients, which proves the result for fixed m. When m™' +mn=! = 0
we demonstrate in (26) that

bmm\/ZAj— 271 m\/ZAj— =op(1
3V =) = gy 3 VG = 9) = o)

by showing that, for all € > 0,

V

™
S~ —

IN

LT ev/m(m — 1)
S

2
w(S-dl)  mE -
i=1 i=1

2

(27)

e2m(m — 1)2 - eémim—-1)2
where use is made of the Chebyshev and Cauchy-Schwarz inequalities, respectively. But, as shown
in the consistency proof, the last expectation in (27) is O(¢~1) and it follows that the right-hand
side of (27) is O(m~!) and hence o(1), implying that the second term on the right-hand side of
(26) is 0p(1) as claimed. Therefore
. m . d _
Vi(Bim — B) = V(B = B) + 0p(1) = N(0,52Q7H)

m—1
as n — 00, as required. O
Proof of Theorem 5. The consistency of 67 follows in the usual way by first writing
ety = Yi — T4Bm = & — T (Brm — B)-
Defining n* = n — p — 1 we then obtain
n R 1 n R
o Z etmt BJm - ) (BJ,m - B),E thl‘;(ﬁ(},m - B)
t=1

t=1

62 =

3
Q)
o

1
n*t
1

*
n t

I
—

€2 4 0p(1) B o2

|
[M]=

I
A
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as n — oo, which follows from the consistency of /3 Jm (for fixed m and m tending to co) and the
properties of the moment matrices. The consistency of Vy is straightforward while for VJ’m7 for

fixed m,
( 2 - 1 m (1 -
- m(m —
V m = - 7 E 7"2 § - § /
’ (m < xtmt) ! m(m N 1)20J j=1 (ﬁ teT; xtxt)
p, m(m— ) 2—1 1 2 -1 _ _2~-1
” (m—l)QUC2 +m(m—1)20mQ =00

because m(m — 2) +1 = (m —1)2. When m~! + mn~! — 0 as n — oo we have
-1
? m(m—2) 5 (1 / P21
Vim = WUJ (n;%ﬁl} +op(l) = 07Q ",

which completes the proof. O

Appendix B: Supplementary results

Lemma 1. Let y; satisfy Assumption 1, let x; be defined as in (10) and let

’I’Ll/2lp+1 0 )

2= (w1t €my),..., 241t € 7)), Dy = ( 12
0 Cl T )

where z; is of dimension (m+1)(p+1) x 1 and 1(x) denotes the indicator function taking the value
1 if the event x is true and 0 otherwise. Furthermore, let

Q m2Q mT2Q ... m72Q
m~12Q Q 0 0
Om=| m2Q 0 Q ... 0 7
m*i/QQ 0 0 Q

where Q = E(xx}) is defined in (11). Then, as n — oo,

n n
D! Z 224D B Q and D;? Z zer N(0,02Qum).
t=1 t=1

Proof. From the definition of z; we have

1 zn: / 1 / 1 S e
- xtwt Z "Et$t ——— xtfl/‘t e f,Utxt
t€7‘1 v nt teT V1 tETM
\ﬁthxt *Zl“txt 0 0
n temn ten
D! Z 2 D7 =
n t=tn — thxt 0 *ZItl‘t 0 ’
t=1 t€T2 tETQ
Z T} 0 0 SR Z TT)

tET tETM
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the (p+ 1) x (p + 1) blocks of zeros involving cross-products of the form

n
thl(t S Tj)xél(t S Tk) =0 (] 7& k‘)
t=1
which are zero due to the non-overlapping sub-samples. When m is fixed the diagonal blocks
each converge in probability to ) while the non-zero off-diagonal blocks converge in probability to
m~1/2Q by noting that v/nl = ¢y/m, thereby establishing the convergence of D, 'S | 22/ D, '
Next, note that zie; is a vector martingale difference sequence (mds). The proof will proceed
by verifying that the conditions of Proposition 7.9 of Hamilton (1994) are satisfied, which yields
the stated result. The requirements are that: (i) E(zz2je7) = 4, a positive definite matrix with
DS 4Dt — Q, a positive definite matrix, as n — oo; (ii) E(zizjtzrzstel) < oo for all
t,i,7,r,s; and (i) D' S 222Dt 2 Q as n — 0o. To demonstrate that (i) is satisfied, note
that E(z2je?) = E(¢2)E(z2,) = 02Qy, where

Q Qliter) QLtem) ... QLtETy)

Ql(tGTl) Ql(tETl) 0 0
Q= E(z2) = QL(t € 1) 0 QlLtem) ... 0 ,
Oltern) 0 0 ... Qliter

a positive definite matrix. Noting that >} Q1(t € ;) =4Q (j = 1,...,m) we find that
Q /m)2Q (¢/n)'?Q ... (¢/n)'?Q

. (¢/n)'2Q Q 0 0

D'y @yt = | Wn)'*Q 0 Q . 0 = Q.
t=1 : : : :
(0/n)'2Q 0 0 Q

Hence (i) holds with ; = 02Q; and Q = ¢2Q,,. In order to verify property (ii) first note that
E(zitzjtzrtzstef) = E(ef‘)E(zitzjtzmzst). Now E(e}) < oo under Assumption 1 and E(zizjtzrizst) <
oo for all ¢,4, j,r, s by Proposition 10.1 of Hamilton (1994); hence (ii) is satisfied. As for (iii), the
matrix of interest is given by

n
-1 127-1 _
D, Z zzp€ Dy
t=1
n
l 2 2 2
xtxtet \/» .%'t.I‘tEt e l’t.%'tﬁt
tem tETm
Z xtxtet 7 Z actxtet . 0
tETl tem
/
— Z xtxtef 0 e 0
nt teT
1
’2
\/—7 Z T Ty €7 0 . - Z Tyrher
e term b=
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Note that

1 & 1 & 1 -

r.2 R N 2 /
— E TixLE = — E (e — o%)xpwpe; + —0 E T4 Xy
n = n = no =

But the elements of (2 — o)z, are each an mds and so n= 'Y (€2 — o2z} 2 0 as n —

oo so that n =130 | myx)e? 2 62Q. A similar argument applied to the sub-samples results in
! Z;’f_l zyhe? 2 02Q while

th:c = 1/2£thxtet B2 a2Q.

te‘r teT;

Hence (iii) holds with € defined as in part (a). O

Lemma 2. Let the n x 1 random vector y satisfy y = X8 + ¢ where X is an n X k matriz of
non-random regressors, B is an unknown k X 1 parameter vector and € is an n X 1 vector of random
disturbances satisfying E(¢) = 0 and E(e€’) = 021, I, being the n x n identity matriz. Furthermore
partition y and X into m non-overlapping sub-samples as follows:

y:[yi7yé7"'7y'/rn,]/7 X:[X£7Xé7"'7X'f/’n:|/7
where yl,...,ym are £ x 1 and X1,...,Xm are £ x k, where n = m x €. Let § = (X'X)"1X"y,
B = (X5X5) ' Xy (5 =1,...,m) and By = (m/(m—1))8— (1/(m(m—1))) 37, B;. Then the
variance matriz of ﬁJ,m is given by

. m(m — 2)

_ 2/ v/ vy —1 1 2N vl -1
var(Brm) = (m —1)2 (X' X))+ 7m2(m — 1)20 ];(X X;)

Proof. Let ap = m/(m — 1) and a; = 1/[ (m —1)] so that B, = aofBn — a1 Py , B;. Under the
assumptions of the model E(ﬂn) = (,8]) 3 and so E(BJ,m) B also, implying that UGT(,@Jm) =

(ﬂJ,m — 5)(ﬁJ,m — B)'. Then
+ a%var <i B])
j=1

~

var(Brm) = a2var(Bp) — apay [cov (Bn,ZBj) + cov (Z ijﬁn)

J=1 J=1

= advar(B,) —agar Y {COU(Bn, B;) + cov(B;, Bn)}

j=1
m—1 m
ZUCLT + Z (COU ﬁ]aﬂk) +COU(51€7/8])):| s
7=1 =1 k=j+1

where, for example, cov(Bn, B]) =F (Bn - ﬁ)(ﬁj — )" and other covariances are similarly defined.
The variance matrices are var(8,) = o2(X'X)~" and var(B;) = 0?(X;X;)7! so it remains to
determine the covariances. From the usual OLS formulae

cov(Bn, Bj) = B [(X'X) 7 Xe€) X, (X)X;) 7| = (X/X) 7 X E(ed)) X; (X X,) 7Y,
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where €; denotes the appropriate subvector of € = (¢, ..., €,,)’. Note that

Ogj—1)xe
E(eeg) = 021, = O'ZKJ‘
Op(rm—j)xe

where K is the null matrix with 021, in the j’th block. It then follows that
cov(fus By) = (X'X) X' 02K, - X;(X]X;) ) = 02(X'X) !

because X'K; = X;. Also, noting that E(eje)) = 0 for j # k, it follows that
cov(By, Br) = B [(X)X;) " Xje;e Xi(X]. Xp) 7] = 0.

Combining these results yields
var(Bym) = a2o®(X'X) ™t — 2apa1mo?(X'X) 7! + alo? i(X;Xj)fl

J=1

from which the expression in the Lemma follows by substituting for ag and a; and simplifying. O

Lemma 3. Let the n x 1 random vector y satisfy y = X3 + € where X is an n X k matriz of
non-random regressors, 3 is an unknown k x 1 parameter vector and € is an n x 1 vector of random
disturbances satisfying E(e) = 0 and E(e€') = 021, I, being the n x n identity matriz. Furthermore
let y and X be partitioned into two sets of non-overlapping sub-samples as follows:

Y= [ylllay/12v e 7yillm1]/ = [yélﬂ y/22a ce 7yém2]lv
X = [X{17X12> s 7Xim1]/ = [XéleQZa e 7Xém2]/7
where the y;. are {; x 1 and the Xj. are {; x k (j = 1,2), where n = mq x {1 = mg x ly. Let
b= (X'X) X'y, i = (X,X;) " Xl (7 =1,2) and
1
IBJ(TTLL’H’LQ _w/B_'—wliZBlj +w2 Zﬂ?]y

where
mims mo mi

YT Dm0 T - Dy —ma)” T (ma - D(ma — )

Then the variance matriz of Bi;’(ml’mQ) s given by

Uar(/éJ,(mhmz)) = 0'2(X/X)71 [wQ + 2w(w;y + wQ)}

wi 5 |, W o 1
/ — / _
=t =1

mi
’(U w B
1 2 2 Z Z |: Xl?,Xlz XiZKllKé]XQJ(Xé]XQ‘]) 1

m1m2 i=1j=1
+ (XéjX2j>_1X§jK2jKiiX1i(Xiinz)_l} .

where K1; is a null matriz of dimension €1 X n with I, in the ith block and Kaj is a null matriz
of dimension Uy x n with Iy, in the j’th block.
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Proof. First note that, because w + w; + wo = 1, we may write

Brmims) — B=w(B—B)+ 7111”11 > (B - B) + 1U2W1L2 > (B2 - B),
=i =1

and hence

var(BJ,(mhmz)) = E(BJ,(ml,mg) - B)(BJ,(ml,’mg) - 5)/
= 2E<B = BB~ BY

mi mi 2 M2 m2 . )
S S BB = B)(uy — B+ 2 35S B — )Py — B
Li= 1] 1 2 4=1j=1
+% [E(B — B)(Bri — B) + E(Bri — B)(B — 5)/}
L =1
e 2o B = 5)(Ba = ) + BB = )3 - 5]
w1w2 m1 meo / . X /
s ZUZI [E(B1i = B)(Bay = BY + E(Ba; — B)(Bui - B)'|

Using results from regression theory and the proof of Lemma 2 we have that E(3 — 8)(8 — 8) =
UQ(X/X)_lv E(ﬁ - /B)(ﬁll - /B), = E(ﬁ - /B)(ﬁlj - /8), = UQ(X/X)_I (Z = 17 cee )ml;j = ]-a ... am2))

) ) 2(x! x, )1 5 — 5
E(BM —B)(Blj _B)/ _ { g (XlzXlz) 9 z7éj7

R R 2(x! X -)—1 i=3j
B ;- L r_ g ( 24221 ) )
(Bei = B)(B — ) { ! i
For the remaining cross-product terms we have
E(B1i — B)(Baj — B) = (X1, X15) " X1, E(erieh;) Xo; (X5, Xo5) "

It is possible to write €;; = Ky;e and e3; = Kaje where the selection matrics Ky; and Ko; are
defined in the Lemma. Hence E(ei;ey;) = E(Kye€ Ky;) = O'QKM'Kéj. Combining all the relevant
terms yields the required expression. O
Derivation of (21). It is convenient to write the bias expansion in (20) in the form
- a1 ax+tao

E(dn—¢)="0+ =250 4+0(n?),
where a1 = —(1 4+ 3¢), asg = (3¢ — 9¢* —1)/(1 — ¢) and

L 1430 <a—(1—¢>)y0>2

"7 (1-9) o '

For the sub-sample estimators, however, we have

az0 + a21,j

E<¢§1J—¢>:%11+T+O(£l ), (jzl,...,ml),

E(ng)QJ—Qs):EQﬁ-CLQ(J_Z;mJ—f—O(E ) (G=1,...,ma),
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where

o 1+ 3¢ o — (1 — ¢)y(]~_1)gl 2 Ao s — 1+ 3(Z) o — (1 — ¢)y(j_1)€2 ?
21,5 = (1 — ¢)2 . ) 22,7 — (1 — ¢)2 pu .

From the proof of Theorem 2
- a1 a0+ ao 4 @0 1 XKa
E(®1,(m1,mz)) = Wn <¢+n+n2> + wip <¢+ = +mfz 8%])

1 j=1
i, L =

Win Wn Win
= gb(wn—i-wln—i-wgn)—i-al(n%—gl+€2>+a20<n2+ 52 + 62)+B2+Tn

where w,, w1, and wy, are defined at the end of section 2.4, r, = O(n~3) and
Wya w 2
> n 0 in Wan
By = 2 Z asj +—szs Z a22,5-

The proof of Theorem 2 shows that the factor multiplying ¢ is equal to unity while those multiplying

a1 and aggy are equal to zero, hence

E((Z;J,(mhmz ) ¢ + + O( )

having used m1¢% = nz/ml and maf% = n?/my and where

mi m2
By = wnag + Winm1 Y Gg1j + wanma Y ag2,j.
= =1

Noting that ag = a21,1 = a22,1 this can be written

mi m2
By = ap(wn + winmi + wanma) + wipmy Y a1,j + wapms Y _ a2,
Jj=2 Jj=2

mi m2
= wipM Z a21,j + WanM2 Z a2, j
Jj=2 J=2

owing to the fact that

Wn | Win Wn>_0
n 2 ly )

The result then follows from the definitions of wy,, and wsy,. O

Wp, + WipM1 + Wapy,mM2 =N <
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3¢

Table 1

Bias of estimators under normal disturbances

IMB

IMB2

o n b b1a b3 b4 b6 bis 75 72 GZA)J,(z,s) Prrw s

0.10 24  —0.0568 —0.0031 —-0.0037 —0.0044 —0.0059 —0.0070 —0.0072 —0.0047 —0.0019 —-0.0057 —0.0081
48 —0.0281 —0.0011 -0.0012 -—-0.0015 -—0.0018 —0.0023 —0.0024 —-0.0017 —0.0008 —0.0029 —0.0026

96 —0.0139 —0.0003 —-0.0003 -—0.0005 -—0.0005 -—0.0007 —0.0007 -—0.0005 -—0.0001 -0.0013 -—0.0007

192 —-0.0072 —-0.0004 —0.0004 —0.0004 —0.0004 —0.0005 —0.0007 —0.0006 —0.0005 —0.0009 —0.0006

0.30 24  —0.0820 —0.0063 —0.0090 -0.0117 -0.0168 —0.0216 —0.0120 —-0.0087 —0.0010 -—-0.0141 -—-0.0136
48 —0.0406 —0.0016 —0.0022 —-0.0029 —0.0041 —-0.0055 —0.0035 —-0.0024 —-0.0006 —0.0070 —0.0041

96 —0.0202 —0.0004 —0.0005 -—0.0008 —0.0010 -—0.0014 —0.0010 —-0.0007 —0.0001 —-0.0035 —0.0012

192 —-0.0103 —-0.0005 —0.0005 —0.0005 -—0.0006 —0.0007 —0.0007 —0.0006 —0.0006 —0.0020 -—0.0007

0.50 24 —-0.1091 —0.0095 —0.0149 -—-0.0200 —0.0295 —0.0372 —0.0173 —0.0129 0.0012 —0.0227 —0.0200
48 —0.0537 —0.0017 -0.0027 —-0.0038 —0.0061 —0.0087 —0.0044 —-0.0028 0.0002 —-0.0113 —0.0056

96 —0.0267 —0.0004 —-0.0006 —0.0008 —0.0013 —0.0018 —0.0012 —0.0008 0.0000 —0.0057 -—0.0017

192 -0.0136 —-0.0005 —-0.0005 —0.0005 -—0.0006 —0.0007 —0.0007 —0.0006 —0.0006 —0.0031 —0.0008

0.70 24 —0.1409 —0.0152 —-0.0247 —-0.0333 —0.0475 —0.0588 —0.0252 —0.0199 0.0038 —0.0334 —0.0298
48 —0.0686 —0.0013 —0.0030 —0.0050 —0.0091 —0.0132 —0.0054 —0.0029 0.0021 -—-0.0161 -—0.0077

96 —-0.0338 —0.0001 -—-0.0001 -—0.0004 —-0.0011 -0.0020 —0.0012 —0.0005 0.0004 —-0.0081 —0.0023

192 -0.0169 —-0.0003 —0.0003 —0.0003 —0.0003 —0.0003 —0.0006 —0.0004 —0.0005 —0.0042 —-0.0010

0.90 24 —0.1856 —0.0382 —0.0515 —0.0627 —0.0807 —0.0954 —0.0436 —0.0411 -0.0117 —-0.0668 —0.0596
48 —0.0913 —0.0054 —-0.0096 —0.0133 —0.0200 —0.0260 —0.0106 —0.0078 0.0030 —0.0258 —0.0162

96 —0.0435 —-0.0001 -—-0.0008 -—0.0014 —-0.0019 -0.0038 —0.0014 0.0002 0.0027 —-0.0111 -—0.0038

192 —0.0209 —0.0007 -—0.0009 -0.0010 -—0.0011 -0.0015 -—0.0001 0.0004 0.0002 —0.0055 —0.0010

0.95 24 —-0.1976 —0.0460 —-0.0594 —-0.0711 —-0.0900 —-0.1052 —0.0474 —-0.0468 —0.0192 —-0.0817 —-0.0756
48 —0.1013 —0.0123 —-0.0167 -—0.0207 —0.0278 —0.0340 —0.0151 -0.0137 -—0.0036 —0.0364 —0.0256

96 —0.0487 —-0.0001 —-0.0013 -0.0026 —0.0049 -—0.0070 —0.0029 -0.0014 0.0025 —-0.0141 —0.0066

192 —0.0229 —0.0002 —-0.0007 -0.0012 -0.0012 -—-0.0013 -—0.0001 0.0006 0.0010 —0.0060 —0.0015

0.99 24 —0.2002 —0.0429 —0.0574 —0.0699 —0.0898 —0.1055 —0.0426 —0.0428 —-0.0141 —-0.0917 —0.0877
48 —0.1069 —0.0145 —-0.0193 -0.0236 —0.0313 —0.0378 —0.0144 —-0.0144 —-0.0048 —0.0471 —0.0384

96 —0.0554 —0.0052 —-0.0063 —-0.0077 —0.0102 -—0.0125 —0.0053 —-0.0052 —0.0028 —0.0233 -0.0162

192 —-0.0275 —0.0013 —-0.0016 —0.0020 —0.0026 —0.0033 —0.0018 —-0.0016 —0.0005 —0.0104 —0.0059

Entries in bold denote the minimum absolute bias in each row.



Table 2

Bias of OLS, jackknife, MU and bootstrap estimators under

non-normal disturbances

~

¢ n ®n QZA)J,Q ¢J,(2,3) ¢A7MU QEBS
e~T(1,1)—-1
0.50 24 -0.1031 —0.0083 —0.0015 —0.0165 —0.0140
48 —0.0516 —0.0025 —0.0008 —0.0091 —0.0030
96 —0.0262 —0.0014 —-0.0009 —0.0052 —0.0015
192 —-0.0131 —0.0005 —0.0002 —0.0026 —0.0008
0.70 24 —-0.1329 —0.0141 0.0006 —0.0248 —0.0227
48 —0.0656  —0.0023 0.0006 —0.0130 —0.0045
96 —0.0327 —0.0009 —-0.0005 —0.0071 —0.0019
192 —-0.0163 —0.0004 —-0.0002 —0.0036 —0.0010
090 24 —-0.1765 —0.0386 —0.0156 —0.0562 —0.0522
48 —0.0879  —0.0069 0.0009 —0.0222 —0.0131
96 —0.0422 0.0006 0.0020 —0.0098 —0.0037
192 —0.0203 0.0005 0.0003 —0.0049 —0.0015
095 24 —-0.1887 —0.0470 —-0.0222 —0.0723 —0.0692
48 —0.0980 —0.0137 —-0.0049 —-0.0328 —0.0229
96 —0.0474 —-0.0009 0.0019  —0.0128 —0.0068
192 —0.0224 0.0010 0.0011  —0.0055 —0.0020
0.99 24 -0.1924 —-0.0462 —-0.0187 —0.0851 —0.0829
48 —-0.1041 —-0.0165 —0.0062 —0.0446 —0.0365
96 —0.0544 —-0.0060 —-0.0031 —-0.0223 -0.0163
192 -0.0272 —-0.0016 —-0.0009 —0.0101 —0.0063
e ~T(0.1,V/10) - 0.1v/10
0.50 24 —-0.0846 —0.0062 —0.0353 0.0009 —-0.0066
48 —0.0444 —0.0056  —0.0057 —0.0019 —0.0032
96 —0.0231 —0.0024 —-0.0015 —0.0020 —0.0018
192 -0.0120 —0.0010 —-0.0004 —0.0015 0.0008
0.70 24 -—-0.1062 —0.0125 —0.0235 0.0025 —-0.0122
48 —0.0552 —0.0062 —0.0049 —0.0027 —0.0060
96 —0.0285 —0.0029 —-0.0018 —0.0028 —0.0029
192 -0.0148 —-0.0013 —-0.0007 —0.0021 0.0014
0.90 24 -—-0.1403 —-0.0365 —0.0224 —-0.0160 —0.0383
48 —-0.0740 —0.0110 —-0.0042 —-0.0071 —0.0092
96 —-0.0370 —0.0024 —-0.0004 —0.0046 —0.0015
192 —-0.0184 —0.0006 —0.0002 —0.0029 0.0005
0.95 24 -0.1513 —0.0485 —0.0286 —0.0370 —0.0543
48 —0.0831 —0.0172 —-0.0075 —0.0166 —0.0181
96 —0.0422 —-0.0041 -0.0007 —0.0071 —0.0048
192 —-0.0205 —0.0002 0.0006  —0.0036 —0.0008
0.99 24 —-0.1579 —0.0568 —0.0339 —0.0603 —0.0696
48 —0.0907 —-0.0239 -0.0118 —0.0334 —0.0327
96 —0.0494 —-0.0092 -0.0047 —0.0175 —0.0150
192 —-0.0254 —-0.0027 —-0.0010 —0.0082 —0.0056

Entries in bold denote the minimum absolute bias in each row.
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Table 3
Bias of OLS, jackknife, MU and bootstrap estimators under
ARCH disturbances (A = 0.5)

¢ n an &J,2 &J,(2,3) (ZgMU QZSBS

0.50 24 —-0.1229 —0.0280 —0.0156 —0.0377 —0.0312
48 —-0.0670 —0.0141 -0.0093 —-0.0251 —-0.0144

96 —0.0362 —0.0071 —-0.0051 —0.0154 —0.0071

192 —-0.0198 —0.0038 —0.0025 —0.0094 —0.0038

0.70 24 -0.1567 —0.0349 —-0.0142 —-0.0519 —0.0428
48 —-0.0827 —-0.0139 -0.0077 —0.0307 —-0.0165

96 —0.0435 —0.0066 —0.0044 —0.0181 —0.0071

192 -0.0234 —-0.0037 —-0.0026 —0.0107 —0.0038

0.90 24 -0.2008 —0.0532 —-0.0230 —-0.0861 —0.0736
48 -0.1014 —-0.0124 -0.0021 —-0.0375 —0.0218

96 —0.0494 —0.0018 0.0006 —0.0173 —0.0056

192 —-0.0246 —0.0010 —-0.0008 —0.0092 —0.0022

0.95 24 -0.2130 —0.0589 —-0.0274 —0.1011 —-0.0907
48 -0.1100 —-0.0164 —-0.0057 —0.0466 —0.0307

96 —0.0529 —-0.0015 0.0018 —0.0187 —0.0076

192 —0.0253 0.0004 0.0007 —0.0084 —0.0020

0.99 24 -0.2149 —-0.0520 —-0.0170 —-0.1099 —0.1025
48 —-0.1144 —-0.0154 —-0.0033 —0.0559 —0.0437

96 —0.0583 —0.0045 -0.0016 —-0.0265 —0.0172

192 —-0.0288 —0.0011 —-0.0005 —0.0118 —0.0061

Entries in bold denote the minimum absolute bias in each row.
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Table 4

Bias of OLS, jackknife and bootstrap estimators of persistence measure (p) in correctly

specified and mis-specified AR(2) and AR(4) models under normal disturbances

Estimation model is AR(2)

A~ A~

Estimation model is AR(4)

n Pn P2 P,2,3) Prs Pn P2 P.,(2,3) Prs
DGP is AR(2)

24 —0.1421 -0.0006  0.0078 —0.0423 —0.1803 0.0322 —0.0263 —0.0601

48 —0.0639  0.0054  0.0050 —0.0098 —0.0767 0.0125  0.0048 —0.0128

96 —0.0295  0.0027 0.0014 —0.0032 —0.0342 0.0047  0.0017 —0.0036
192 —0.0141  0.0007 —0.0001 —0.0010 —0.0160 0.0012 —0.0000 —0.0009
DGP is AR(4)

24 —-0.2136 —0.0317 -0.0164 —0.1082 —-0.2133 0.0168 —0.0342 —0.0779

48 —0.1057 —0.0101 -—0.0071 —0.0453 —0.0936 0.0103 0.0058 —0.0181

96 —0.0555 —0.0093 —0.0103 —0.0250 —0.0420 0.0052 0.0026 —0.0050
192 -0.0327 —-0.0114 —-0.0124 -0.0172 —-0.0195 0.0015 0.0001 —0.0011

Entries in bold denote the minimum bias in each row of four columns.
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Table 5
Percentage of negative bias in AR(1) model under normal and non-
normal disturbances

e ~ N(0,1) e ~T(1,1)—1

n bn &J,2 ng,(2,3) ¢3MU QEBS On QASJ,Q QASJ,(2,3) ngU QZA)BS

¢ = 0.10

24 60 51 54 51 81 63 54 55 93 53
48 57 50 52 50 50 60 53 55 93 53
96 55 50 51 50 50 57 53 54 52 52
192 54 50 50 50 50 25 52 52 92 51

= 0.30

24 64 51 55 51 51 66 53 56 92 52
48 60 50 52 50 50 62 53 55 52 52
96 57 49 51 50 49 59 52 54 52 51
192 95 50 50 50 30 57 51 52 52 51

= 0.50

24 69 51 95 51 o1 70 53 55 92 51
48 63 49 53 51 49 65 52 55 92 50
96 59 49 51 50 48 61 51 54 51 50
192 57 49 50 50 49 58 51 52 51 50

=0.70

24 76 52 55 52 5l 77 53 55 52 52
48 69 49 54 51 48 70 51 55 51 48
96 64 48 53 50 48 65 50 54 51 49
192 60 48 51 50 48 61 49 52 51 49

=0.90

24 90 58 56 54 57 90 58 56 53 57
48 83 52 55 53 49 83 53 56 02 49
96 75 48 55 51 46 7 49 55 51 47
192 68 47 54 51 46 69 48 54 51 47

=0.95

24 93 58 56 54 61 93 58 56 53 62
48 91 55 56 54 33 90 56 56 23 4
96 83 5l 55 53 48 84 51 55 52 49
192 76 48 55 51 45 76 48 55 o1 46

¢ = 0.99

24 95 56 55 52 66 94 57 55 o0 66
48 95 55 55 53 61 95 55 55 92 61
96 94 54 56 54 56 94 55 56 23 57
192 92 54 56 54 9l 92 54 56 54 52
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Table 6
RMSE of OLS, jackknife, MU and bootstrap estimators under normal disturbances

® n (Z)n QgJ,Z (ZASJ,mT QEJ,(2,3) &J,(ml,mg)r dA)MU QZ;BS

0.10 24 0.2089 0.2411 0.22226 0.3208 (.259228 0.2198  0.2235
48 0.1456 0.1572 0.1492'2  0.1902 0.1588%12 0.1492  0.1512
96 0.1021 0.1066 0.1033%* 0.1195 0.1055'6>*  0.1033  0.1042
192 0.0721 0.0734 0.0724*%  0.0785 0.07292448 0.0725  0.0728

0.30 24 0.2156 0.2460 0.22256 0.3553 0.265128 0.2196  0.2231
48 0.1455 0.1565 0.1466'2  0.1991 0.1579%12 0.1463  0.1483
96 0.1002 0.1044 0.10032*  0.1213 0.102916:24 0.1003  0.1012
192 0.0700 0.0714 0.0700%* 0.0779 0.07052%%  0.0700 0.0703

0.50 24 0.2222 0.2492 0.21916 0.3881 0.27302%% 0.2164  0.2189
48  0.1425 0.1527 0.1393'2  0.2102 0.1527%12 0.1389  0.1407
96  0.0949 0.0988 0.0934%*  0.1223 0.0963'62*  0.0933  0.0941
192 0.0650 0.0663 0.0644*® 0.0755 0.0650%448  0.0644  0.0646

0.70 24 0.2313 0.2519 0.21286 0.4304 0.28132%8 0.2097 0.2119
48  0.1373 0.1466 0.1270'2 0.2278 (.1422%12 0.1270 0.1280
96  0.0860 0.0896 0.0816%* 0.1241 0.0847'62*  0.0815  0.0820
192 0.0565 0.0576 0.0547% 0.0716 0.0553%4%%  0.0547  0.0548

090 24 0.2500 0.2528 0.20816 0.4667 0.284746 0.1897  0.2021
48  0.1352 0.1406 0.11098 0.2577 0.1254%12 0.1098 0.1111
96 0.0738 0.0780 0.0627'6 0.1352 0.065716:24 0.0636  0.0640
192 0.0427 0.0443 0.0381* 0.0694 0.03862448 0.0383  0.0388

095 24 0.2552 0.2519 0.2068° 0.4678 0.2829%6 0.1825  0.1983
48  0.1377 0.1382 0.10698 0.2613 0.1204%12 0.1021  0.1061
96 0.0721 0.0752 0.0570'% 0.1408 0.0596'6:24 0.0574  0.0575
192 0.0386 0.0406 0.0320%* 0.0719 0.03242448 0.0328  0.0330

0.99 24 0.2543 0.2470 0.20286 0.4612 0.2790%6 0.1744  0.1927
48  0.1374 0.1342 0.10178 0.2584 0.1149%'2  0.0938  0.0998
96  0.0725 0.0718 0.0521'2  0.1402 0.0541'62%  0.0503  0.0520
192 0.0372 0.0376 0.0266'6  0.0741 0.0265%**  0.0267  0.0271

Entries in bold denote the minimum RMSE in each row and superscripts denote
the relevant values of m, and (mq,ms),.
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Table 7
AR(1) 90% two-sided confidence interval type I errors under normal

disturbances
n =24 n =48 n = 96 n =192
10} Estimator Py, Py Py, Py Py, Py Py, Py
0.50 ¢n 0.014 0.112 0.022 0.091 0.028 0.079 0.034 0.071
2 0.052 0.070 0.062 0.059 0.062 0.054 0.057 0.052
O J1m, 0.045 0.067 0.052 0.060 0.052 0.055 0.051 0.054
ngJ7(273) 0.007 0.066 0.044 0.068 0.056 0.064 0.058 0.059
D, (m1,ma)» 0.044 0.069 0.060 0.052 0.061 0.051 0.059 0.050
Dy 0.051 0.057 0.051 0.054 0.050 0.052 0.050 0.052
Ps 0.084 0.099 0.072 0.075 0.062 0.063 0.057 0.057
0.70  on 0.007 0.149 0.014 0.116 0.022 0.096 0.028 0.081
2 0.047 0.082 0.069 0.064 0.071 0.056 0.064 0.052
O m, 0.036 0.080 0.051 0.065 0.052 0.060 0.052 0.055
¢2J7(2’3) 0.002 0.082 0.036 0.085 0.059 0.076 0.062 0.067
b1 (m1,ms), 0-035 0.080 0.062 0.053 0.069 0.049 0.066 0.043
Dy 0.050 0.059 0.051 0.055 0.049 0.053 0.050 0.052
®ns 0.082 0.111 0.074 0.080 0.063 0.066 0.058 0.058
0.90 ¢y, 0.002 0.261 0.003 0.197 0.009 0.149 0.016 0.115
2 0.026 0.118 0.075 0.087 0.091 0.067 0.085 0.058
G Jmy 0.018 0.112 0.054 0.082 0.067 0.066 0.054 0.062
®7,(2,3) 0.000 0.114 0.009 0.134 0.061 0.121 0.073 0.100
bJ(m1,mz), 0-003 0.078 0.044 0.062 0.078 0.051 0.090 0.046
Daru 0.040 0.061 0.046 0.060 0.050 0.057 0.050 0.054
Ons 0.052 0.157 0.071 0.109 0.072 0.082 0.065 0.066
0.95 on 0.001 0.334 0.001 0.272 0.003 0.206 0.008 0.153
G2 0.015 0.143 0.063 0.111 0.101 0.084 0.100 0.066
D Jm, 0.014 0.126 0.042 0.097 0.076 0.074 0.079 0.060
®7,2,3) 0.000 0.123 0.004 0.157 0.047 0.155 0.083 0.134
DJ(m1,mz), 0002 0.082 0.030 0.069 0.071 0.058 0.105 0.049
Daiu 0.039 0.058 0.039 0.061 0.047 0.060 0.049 0.056
®ns 0.031 0.189 0.049 0.137 0.069 0.102 0.069 0.078
0.99 ¢, 0.001 0.421 0.000 0.408 0.001 0.368 0.001 0.303
2 0.009 0.161 0.040 0.150 0.085 0.134 0.112 0.109
DJmy 0.012 0.137 0.038 0.117 0.063 0.101 0.087 0.079
@J7(273) 0.000 0.118 0.002 0.162 0.017 0.190 0.067 0.197
DJ(m1,ms), 0-001 0.079 0.020 0.074 0.051 0.074 0.100 0.067
Dau 0.046 0.051 0.041 0.053 0.040 0.058 0.040 0.060
Prs 0.016 0.229 0.019 0.198 0.029 0.168 0.044 0.134
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