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      ABSTRACT

 
 Forecasts, preannounced events or predictable outcomes of rules can call forth a number of reactions from agents that can fulfil, amplify or falsify these.  The reaction function that systematically falsifies these is the Liar strategy and the rule with predictable outcomes is called transparent.  Following the Gödelian argument of Binmore(1987) from computation theory, it is  shown that the Liar strategy renders transparent rules inoptimal and the only best response to it in the Nash equilibrium of the game are surprise strategies.  In a game with computability constraints on decision procedures, recursion function theory permits surprises to be modelled as strategic innovations that can implement new institutions outside extant action sets. However, these signal structural breaks in the system that cannot be recursively enumerated in advance.  This is a feature that we call strategic incompleteness.  With innovations or surprises being the best response to the Liar strategy, the latter poses a generic impossibility result on playing transparent rules and it also contributes to the problem of a lack of structural invariance and predictive failure of meta models in the Nash equilibrium of the game.  These results, thus, yield a precise formalisation of the Lucas Critique.  Technically, the surprise or innovative strategy involves a total computable function that corresponds to the productive function, the encoding of which is known to provide an explicit ‘witness’ in set theoretic proofs of the Gödel incompleteness of some formal systems.  The possibility of strategic innovation or surprises in  a Nash equilibrium of a game provides a more realistic class of strategies over and above randomized or mixed strategies in zero sum or oppositional games such as matching pennies.    
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THE LIAR STRATEGY AND SURPRISES: SO WHAT IS THE LUCAS CRITIQUE?A NEW PERSPECTIVE FROM COMPUTATION THEORY 

1.INTRODUCTION

FORECASTS, PREANNOUNCED EVENTS or predictable outcomes of rules can call forth a number of reactions from agents that can fulfil, amplify or falsify these.  The reaction function of agents that systematically falsifies these is the Liar or rule breaker strategy and the rule that facilitates the predictability of its outcomes is called transparent.  The epithet of the Liar comes from antiquity as it has long been known that the capacity to refute or falsify when viewed from a self-referential form as in the Liar Paradox yields indeterminacy.
  An analysis of the far reaching significance of the Liar strategy which encapsulates generic deviant behaviour was given in the seminal paper by Binmore (1987) which critiqued standard game theory  in its attempts to restrict rational strategies to those that are mutually predictable or computable.  Binmore controversially raised the “spectre of Gödel” (ibid.) in reference to the general impossibility result of confining rational strategies to predictable functions in the context of eductive
 game theory where players have to determine Nash equilibrium strategies by explicit calculation which involve self-referential mappings. 

The centre piece of Gödel (1931, p.19) is a formal analogue of the Liar
 which proved the limits of calculation in self-referential structures.  The Liar strategy in a two person game is defined as being capable of systematically contradicting the mutually predicted outcomes of the other person’s strategy.
  This ipso facto renders the transparent rule inoptimal.  When there is mutual knowledge of the Liar, viz. at the fixed point with the Liar, we are at Gödel’s famous non-computable fixed point.  Indeed, Gödel’s formalization of the Liar modelled as a fixed point result that fails to be computable in the system paved the way for what are called incompleteness results on the impossibility of computing certain classes of fixed points in formalised systems.  We will see that steps in the formalisation of such a non-computable fixed point are those needed to prove the generic impossibility of implementing transparent or predictable strategies with an agent playing the Liar/rule breaker strategy and hence of the necessity of surprises or unpredictable strategies against the Liar in the Nash equilibrium of the game.  Thus, the main objective of this paper is to uncover the logical and game theoretic foundations of the Liar strategy and of surprise Nash equilibria.

The main results of this paper assume wider significance as we juxtapose the Binmore thesis on the necessity of unpredictable Nash equilibrium strategies with the long standing tradition that was seminally, albeit informally, mooted by Lucas (1972) on the use of surprises in a strategic setting in policy games.  A loose amalgam of the three following postulates is well known in the Lucas thesis on policy design and these can be seen to correspond closely with issues raised above.  First, policy objectives may be rendered ineffective by strategic behaviour of private agents if they can anticipate (viz. have rational expectations) or know outcomes of policy.  It is this latter property of a policy rule, given that the rule itself is known or can be learnt, that coincides with our notion of a transparent rule.  This postulate corresponds to the Liar strategy.  Second, when faced by a private sector with rational expectations, it is deemed necessary for authorities to use surprise strategies to achieve policy objectives.  Third, in what is called the Lucas Critique, Lucas(1976) raised the problem of a lack of structural invariance of optimal behavioural equations due to strategic responses to anticipated policy events that may cause predictive failure in econometric models for purposes of policy evaluation.  

Remarkably, given the pivotal role of surprise strategies in the Lucasian thesis on policy and the extensive literature that subsequently developed on the basis of the papers by Kydland and Prescott (1977) and Barro and Gordon(1983) that aim at vitiating surprises by an advocacy of precommitment to transparent rules, at no time was a general class of (policy)games given for which surprise strategies arose in the Nash equilibrium of the game
 especially in conjunction with the other two Lucasian postulates on the Liar and structural indeterminacy.  However, the foundational deficit here must be seen in perspective.  Indeed, no text book in game theory talks about the strategic use of surprises or of an innovation in a Nash equilibrium.  What discussion there has been of the Liar or of surprises is within the context of paradoxes.  

There has, however, been recent contributions which have shown how computation theory, in particular the limitative results on calculation, have important implications for game theory,  information theory and randomness (viz. decision sciences in general) and the theory of dynamical systems.  In so far as an intuitive notion of calculation or of an algorithm can be formalized, the current consensus on this is encapsulated in the Church-Turing Thesis (see, Cutland, 1980, Anderlini, 1990).  The latter states that the models of computation considered so far, prominent among these being that of the Turing machine (T.M for short), have all been shown to be equivalent to the class of general recursive functions. By this thesis on computation, a number of decision problems are algorithmically unsolvable.  As these impossibility results, typically referred to as incompleteness or undecidability results, are of a logical kind aimed at the avoidance of reductio ad absurdum in calculations, they cannot be overcome by material advances in technology.

Building on the pioneering work of Rabin (1957), Velupillai (2000), has enhanced our understanding on why non-redundant market games are such that winning strategies exist but these do not have an algorithmic decision procedure.  This property of games that there exist best response functions that are computable functions but which cannot be listed by any algorithm implementing the decision procedure may be referred to as the incompleteness of strategy sets.  Albin (1998) has highlighted that the irregular structure changing dynamics that are known to characterize capitalist creative destruction may need to entail agents with full powers of Turing machines (see, Markose, 2001, for a review).  Anderlini(1990), Canning (1992), Nachbar and Zamer(1996) and others
 have developed some results on the problem of indeterminacy in Nash equilibria of games that arises from strategic incompleteness.  However to date, none have made connection with the Lucasian postulates and hence refined the pragmatic implications of Binmore (1987)that the 

Gödel analogue of the Liar and the specific incompleteness result thereof  are more than just metaphors on the inevitable existence of contrarian agents who will precipitate the logical necessity of strategic innovation or a surprise, viz. strategies that cannot be algorithmically  enumerated or predicted in advance.  

  Methodologically what is gained from modelling agents as Turing machines is that any result that shows that some objective cannot be implemented by T.Ms, must by the Church-Turing thesis imply that such an objective is outside the scope of  recursive decision procedure. Thus, proof that a Nash equilibria of a game entails ‘surprise’ strategies must at a minimum establish that the surprise as a pure innovation in the strategy set is one which cannot be recursively enumerable.  This is the property we have referred to as incompleteness of strategy sets. However, the important point is that to elucidate the surprise equilibria characterized by the three Lucasian postulates we have to use the property called productiveness that Emil Post (1941) 
 in his work on the set theory of incompleteness of formal systems has identified as being the key to the Godel (1931) incompleteness result on undecidable propositions.   

The Gödel 1931 result on undecidable propositions, thus, merits closer scrutiny than it has done to date, not only because it directly builds on the propositions that are refutable in the formal system and hence throws light on why the highly ubiquitous contrarian or oppositional  structure marks the exit route to innovative behaviour. The property of productiveness of the set of refutable propositions refers to their capacity to generate an ever extendible sequence of undecidable propositions that defy algorithmic decision procedures on their theoremhood.  Technically, the surprise or innovative strategy involves a total computable response function that corresponds to the productive function, the encoding of which is known to provide an explicit ‘witness’ (see, Post (1941), Cutland (1980) )in set theoretic proofs of the Gödel incompleteness of some formal systems. The analogue of this in the formalisation of eductive game theory with computability constraints on decision procedures of optimal strategies is that players can mutually infer from codifiable meta-statements on the game that from the non-computable fixed point where mutual identification of the Liar is made, the only Nash equilibrium strategies thereof are surprises implemented by the productive function.  Further, the possibility of strategic innovation or surprises in  a Nash equilibrium of a game with the productive function generating a new action rule not previously in given action sets, which may be difficult if not impossible to be modelled outside the frame work recursion function theory, provides a more realistic class of strategies over and above randomized or mixed strategies in zero sum or oppositional games such as matching pennies. Thus, incompleteness of the optimal strategy sets or the necessity of surprise strategies in the Nash equilibrium of the game calls into question standard assumptions about the ‘givenness’ of action sets.
      

The rest of the paper is organised as follows.  Section 2  gives some examples that show that the Lucas postulates and the Godelian logic thereof are commonplace.  This is followed by a brief review of  Lucas Critique on the failure of meta models to predict in a policy setting.  Section 3 formalises a 2- person sequential finite game where decision procedures and implementable action rules satisfy computability constraints.  The imposition of computability constraints on the all aspects of the game yields a natural chequerboard framework well known in Gödel  meta analysis, Rogers(1967), that implements a 1-1 mapping between internal calculations made by players with external representation of points in the game.  This framework enables us to reformulate the original Binmore (1987) notion of unpredictable strategies in a Nash equilibrium in a way directly geared to modelling rational expectations equilibria as fixed points of best response functions.   For this we draw extensively from Spear(1989).  A transparent strategy rule is formally defined in terms of a computable fixed point that involves rational expectations of the outcomes of a player’s strategy.  The three fold classification of reactions to the predictable outcomes of a transparent rule as those that can fulfil, amplify or falsify these will respectively be called rule abiding, rule bending and rule breaking/Liar strategies.  

If predictions of the outcomes of the game are given in terms of changes in state variables, the rule bending response amplifies the given direction of change while the Liar strategy brings about the opposite.  The main Fixed Point Theorem in this section determines how players can constructively derive the fixed points relative to given best response functions.  Section 4 studies the Liar strategy and there are two main results here.  The first is that the Liar strategy can endogenously alter the structure of the game to an oppositional or zero sum one which implies a no win for the player who plays transparently.  However, significantly, the Liar can win only out of equilibrium when the identity of the Liar is not known or the formal structure of the game involving the Liar is not acknowledged.  The second and more famous result is that when there is mutual or common knowledge of the Liar, viz. at a fixed point involving the Liar, we are at Gödel’s non-computable fixed point where there is the recursive indeterminacy of the action- reaction functions of the agents.  This non-computable fixed point with the Liar is necessary to prove that the only best response functions in the Nash equilibrium thereof are indeed surprise strategies.  Further, the outcome of the game at this point cannot be systematically evaluated.  The trio of Lucas postulates and those informal observations on surprise equilibria are, thus, not disparate elements but are held together by logical necessity that yields a remarkable result on why transparent rules fail to be implementable in a Nash equilibrium. In Section 4.4, we prove that the surprise strategy is indeed the productive function that renders the optimal strategy sets of the players to be incomplete.       

                      2. METHODOLOGICAL ISSUES ON THE LIAR, SURPRISES   


        AND THE LUCAS CRITIQUE
       2.1 Examples

    The following examples show that the Liar/rule breaker strategy is common place and can be regarded as the oldest trick in the book.  We also get a glimpse of the far reaching implications raised by the Liar for institutional design.

Example1: In Joseph Heller’s 20th century classic Catch-22 we have a masterful encapsulation of the Liar strategy and of the necessity of surprises in a social setting.   Major-Major imposes the rule that that those who want to see him when he is in have to be announced.  The rule is designed to thwart the objective of rule abiding folk who play by the rule and attempt to see him when he is in.  This makes it child’s play for the Major to win every time: he just steps out or maintains that he is not available.  When nobody is announced, the Major continues to enjoy his solitude.  The only person who seeks to see the Major when he is in is a rookie who has not yet identified the Major as the Liar, a situation game theorists call an out of equilibrium one.  As the rule secures a no win for those who want to see the Major when he is in, those who have identified the Major as the Liar have given up on seeing him, that is except for mad man Yossarian who ambushes the Major when he is stepping out.  That, viz. a surprise, we claim is the only Nash equilibrium strategy against the Liar! 

Example 2: The notion of the Liar /speculator strategy was mooted in Markose(1998).  Here, the committed application of a transparent rule by authorities which result in predictable trend movements in asset prices enables the Liar/speculator to take profitable contra positions on derivatives and forward markets that can cause policy failure.  In this decade the institution of the currency peg based on a transparent rule par excellence suffered serial collapse at great economic cost due to Liar/speculator attacks.  The currency peg rule commits authorities to expend foreign reserves in support of the home currency in the spot and forward markets at a discrete point in time when the nominal exchange rate of the currency is close to or below the official parity.  This condition becomes a focal point and the antecedent condition of individual rationality for the Liar/speculator to take a position on the forward markets that can force a no win for the authorities with finite and fractional reserves.  Thus, irrespective of the alleged objectives of credibility in inflation control, the currency peg rule when it becomes a binding constraint on the authorities cannot be rationally implemented as a Nash equilibrium strategy on account of the Liar/speculator.  The design error in the structure of the currency peg rule is such that the highly touted policy of concerted defence of the peg given its obvious lack of Liar proofness certifies failure at the hands of currency speculators.  

Example 3:Consider the public forecast of traffic congestion at a junction.  The good reputation of the forecaster coupled with self-interested motorists who want to avoid delay and deliberately bypass the junction, work to controvert the traffic forecast.  As traffic congestion cannot be caused by a single motorist, it is the collective behaviour of motorists who avoid the said junction that qualifies as the Liar strategy as it succeeds in falsifying the traffic forecast.  However, the only necessary condition operative here is that motorists apply individual rationality in the context of publically available information.  Absent the public information and the Liar strategy cannot materialise.  Now, what if motorists and the traffic forecaster took on board the collective application of the Liar strategy in their reasoning that determines action?

    The classic indeterminacy in the behavioural structure arising from the Liar strategy can easily be shown in the third example.  Let us use the following notation-

F: Forecast of traffic jam at junction ; ~ F: No traffic jam at junction; ai : Drive to junction by ith motorist; ai¬  : Not drive to junction by ith motorist ; O:The optimal set of actions for the ith. motorist.  On account of individual rationality we have :

(I)  F  O and ai¬    ai   That is, if the forecast is believed in then it is optimal for the motorist to avoid the junction.  If (I) applies then, the Liar strategy that falsifies the forecast follows:(II) ai¬  for all i  O  that is, avoiding the junction is no longer optimal and hence 
 ~ F. (I) and (II) result in a contradiction as now (II) implies ai¬ 
ai for each i, and F follows.  That is, ai  is both optimal and not optimal
 or 

ai ai  O.  In contrast to this simple demonstration that a wholly rational reaction function to a preannounced event results in the Liar/self refuting structure of the decision problem and indeterminacy of optimal behaviour, we will see the formalisation of the surprise equilibrium in the episode with Major-Major is far more complex.  Clearly the necessity for Yossarian to surprise the Major has a status separate from the issue of indeterminacy as to what is the optimal strategy.  Finally, as in the first two examples, exactly in keeping with the first Lucasian postulate on policy ineffectiveness, the agency of the Liar makes it impossible to play predictable /transparent strategy.  Authorities who are doctrinally enjoined to precommit to the defence of the currency peg are placed in a position no different to Major’s squaddies who are asked to turn up announced- an exercise in futility given the Liar.

    2.2 Surprises in policy games and the Lucas critique
    In the extant policy design literature, the nexus between transparency leading to policy/institutional failure and the role of surprise strategies is confined to highly stylised macro economic models on monetary neutrality and surprise inflation.
  Further, the indeterminacy of optimal behavioural structures raised in the problem of lack of structural invariance in the Lucas Critique is regarded to be unrelated to the first two Lucasian postulates. Nevertheless, a brief review of the Lucas Critique (see,  Hoover,1995) is highly instructive for the task ahead of formalising the class of games that generates endogenous strategic uncertainty.

    Using Lucas’s rendition of what is at stake in a framework for econometric policy evaluation,  the prediction function F(.) for the vector of state variables, qt+ 1, in period t+1 is specified as qt+1   =  F( yt , vt , (),  t ), (Lucas,1976).  Here,   is the optimal private sector decision rule,  is the optimal policy decision rule, vt  is the vector of exogenous variables including values of  policy instruments and t is a vector of white noise terms. The Lucasian premise that the prediction function F(.) will vary systematically as  varies with  and that failure to “incorporate the dependence of private decisions on policy decisions will generate poor predictions of the effects of some kinds of changes in policy”, Leeper(1985, p.313) though revolutionary at the time when the optimal control of the economy was considered to a game against nature, is now beyond dispute.  However, from this point on the discussions on the Lucas Critique in Hoover(1995) become contentious and unresolved as they run into problems on both methodological and substantive fronts. 

     On a methodological front, to learn or construct an invariant structure for F(.) given the strategic interaction between g, the government/regulatory authority and p, the private sector, in principle the econometrician qua meta theorist for both players in the system must mutually identify the fixed point of one another’s best response function such that in so doing they also have identified the same prediction function as producing the outcome of the game.  Agents are then said to have rational expectations of the outcomes of the game in terms of the qt+1 vector and this can also be shown to be a necessary condition for the Nash equilibrium of the game.  The extant methodology of the use of Euler equations or first order conditions on an example by example basis cannot establish the generic class of games for which the indeterminacy problem leading to computability or predictive failure for F(.) arises in a rational expectations equilibrium.  The problem of learning and identifying rational expectations equilibria due to self-referential or fixed point mappings was first raised in Frydman(1982).  However, it is not till Spear(1989) that we have a definitive statement of this problem.
  We will utilise the methodological framework on identifying rational expectations equilibria that was introduced by Spear (1989) for the determination of the computability of Nash equilibria of games.   

    With no theoretical guidance as to which class of games warrant elimination of extant policy rules/institutions and the adoption of innovative or surprise strategies in the Nash equilibrium signalling structural breaks in the system and therefore to predictive failure with F(.), Ericsson and Irons (1995) found “exactly zero papers (that yield) empirical support for the Lucas Critique” after an extensive survey of  the empirical literature, Leeper (1985,p.314).  Ericsson et al (1996) conclude that the Lucas Critique is an empirical issue refutable by the presence of invariance in the system.    

    On a substantive front, when Lucas (1976) outlined his seminal thesis that the strategic interaction inherent to the policy game may lead to indeterminacy with regard to the prediction function F(.) and hence predictive failure on the outcomes of the policy game, as Le Roy (1995) correctly points out Lucas began a “distinct and unrelated” (ibid., p.239-241) advocacy that policy should be governed by simple rules.  Lucas (1976) states that if policy changes were not preannounced then the “movement to a new (), if it occurs in a stable way at all, will be unsystematic and econometrically unpredictable.  If on the other hand, policy changes occur as fully discussed and understood changes in rules, there is some hope that the resulting structural changes can be forecast on the basis of past data of ()”.  Consequently,  the popular view is that the problem of the lack of structural invariance in the F(.) function and problems of indeterminacy of the outcomes of the game arise solely because authorities fail to preannounce policy changes and the obverse, that if policy 

changes are anticipated or known the problem of structural indeterminacy will disappear.    

    In contrast to the above, the main finding of this paper is that the impossibility result on the identification problem of the prediction function as above, far from being an empirical issue can be formalised as the unique consequence of a class of games in which the first two Lucasian postulates on the Liar and surprises feature in a Nash equilibrium.  In other words, the trio of Lucasian postulates, one-for-one characterize what is perhaps the most famous fixed point result in mathematics, viz. the non-computable fixed point result of Gödel (1931). Thus, despite the highly intuitive notion of the Liar strategy and of surprises in a social setting, as first indicated in Binmore(1987) it takes nothing short of epochal results in mathematical logic, outside the ambit of extant game theory
, to formalise what constitutes an unpredictable/surprise strategy (not merely asserting its existence as a prediction error) let alone why it is best response in a Nash equilibrium with the Liar.                                                                                                                                                                                 

3. GAME THEORY, GÖDEL META-ANALYSIS AND COMPUTABILITY CONSTRAINTS ON DECISION PROCEDURES

 The main purpose of the formal analysis is to show the relevance of the Gödel paradigm in the characterization of surprise equilibria that follow as a logical necessity of the Liar/ rule breaker strategy. We develop a generic framework based on computation theory for the purpose of the evaluation of the effectiveness of policy rules.  The issue of the effectiveness of a policy rule will be chararcterized as the problem of Nash implementability.  For this we need a schematic characterization of a 2-person sequential game in term of identification and computability of  rational expectations equilibria involving all possible classes of strategic behaviour under different  assumptions on mutual beliefs of players on one another’s strategies. 


Gödel (1931) pioneered the framework of analysis called meta mathematics  pertinent to self-referential structures where he obtains epochal results on the sort of 

statements an internal observer can make as a meta-theorist if he is constrained to be very precise in what he can know and how he can make inferences.  Thus, as highlighted by Binmore(1987), the theoretical significance of the analogue of the Gödel type incompleteness or indeterminacy result for formalized eductive game theory stems precisely because this can be proven to arise not from incorrect or inconsistent reasoning or calculation but rather to avoid strategic irrationality and logical contradiction.  To this end instrumentally rational players are accorded the full powers of an idealised computation machine in the calculation of Nash equilibrium strategies and all information has to be in a codifiable form.  Following from the Church-Turing thesis, the computability constraint on the decision procedures implies that these are computable functions that can only entail finitely describable set of instructions in the computation. Again by a method introduced by Gödel (1931) called Gödel numbering, all objects of a formalisable system describable on the basis of a countable alphabet are put into 1-1 mapping with the set of natural numbers referred to as their Gödel numbers (g.ns, for short).  Thus, computable functions  can be indexed by the g.n of their finitely describable program.   Impossibility results on computation therefore become the only constraints on what rational/optimizing players cannot calculate given the same information on the encoded primitives on the game.     

3.1 Some Preliminaries 

    Computable functions are number theoretic functions, f : N( N where N is the set of all integers.
  Each computable function is identified by the index or g.n of the program that computes it when operating on an input and producing an output if the function is defined or the calculation terminates at this point.  Following a well known notational convention, we state this for a single valued computable function as follows


 

f(x)    a(x) =q .                       (1.a)

That is, the value of a computable function f(x) when computed using the program/TM with index a is equal to an integer a(x) = q, if a(x) is defined or halts (denoted as 

a(x) ) or the function f(x) is undefined (~) when a(x)  does not halt (denoted as 

a(x) ).  The domain of the function f(x) denoted by Dom a  or Wa is such that, 


 
 Dom a  = Wa ={ x |  a(x)  }.           (1.b)

Definition 1: The number theoretic functions that are defined on the full domain of N are called total functions. Partial functions are those functions that are defined only on some subset of N.  

Related to (1.b) is the notion of sets whose members can be enumerated by an algorithm or a TM.  

Definition 2: A set which is the null set or the domain or the range of a recursive function  is a recursively enumerable (r.e) set.  Sets that cannot be enumerated by  T.Ms are not r.e .  

    The one feature of computation theory that is crucial to eductive game theory where players have to simulate the decision procedure of other players, is the notion of the Universal Turing Machine(UTM). 

Definition 3: The UTM is a partial computable function, defined as (a,x), uses the index a of the TM whose behaviour it has to simulate.  By what is called the Parameter or Iteration Theorem, there is a total computable function u(a) which determines the index of the UTM such that 

           


         (a,x) = u(a)(x)  a(x) .                     (2)                

 Equation (2) says that the UTM, on the left-hand side of (2) on input x will halt and output what the TMa on the right-hand side does when the latter halts and otherwise both are undefined.


As indicated in the introduction, to characterize the surprise Nash equilibrium

and the corresponding notion of incompleteness of strategy sets, we need the following definitions of a productive set and of a productive function.

Definition 4 :(Cutland (1980 p. 134): A set Q is productive if there is a total computable function f such that whenever a recursively enumerable set Wx  is a subset 

of Q, Wx ( Q, then f(x) ( Q – Wx. The function f is called the productive function for the set Q.  

Note f(x) is a ‘witness’ to the fact that Q( Wx, and hence that Q is not recursively enumerable.


We also need a further theorem which shows that if a set Q is productive then with any total computable function that is a bijection between the elements of Q and another set Z implies that Z is also productive.

Theorem (3.1 Cutland(1980, p.134): Suppose that Q and Z are sets such that Q is productive, and there is a total computable function z such that x( Q iff z(x) ( Z.

Then  Z is productive.  

      It is envisaged that with a minimum of details on computation theory and relying only on some familiarity with calculations involved in the determination of rational expectations equilibria which typically entail iteration and substitution, the main thrust of the paper can be followed.  As discussed, all finitely codifiable information on the game can be assigned g.ns including the calculations used in determining optimal strategies. The advantage of this framework is that all calculations can be reduced to operations on g.ns of functions as in (2).  Especially in the case of computability or non-computability of classes of fixed points or rational expectations equilibria we can obtain generic results, without the hard grind of producing any of the calculations or having to make ad hoc functional specifications.
3.2 The Policy Game Under Computability Constraints

    The primitives of the game, best interpreted as describing a regulatory or policy game, is codified as follows. G= {(p,q), (Ap, Ag), sS}.  Here,(p,g) denote the respective g.ns of the objective functions, to be specified, of players, p, the private sector/regulatee and g, government/regulator. The action sets denoted by Ai are finite and countable with ail i ,  i (g, p) being the g.n of  an action rule of  player i and l=0,1,2,.....,L.  An element sS denotes a finite vector of state variables and other archival information and S is a finite and countable set.  

     Gödel meta analysis is analogous to that in chess or any other game where a unique correspondence can be established between moves played or those that can be potentially played with meta statements of these in some notation being stored in the meta system which is in the public domain.
  

    A major implication of imposing computability constraints on all aspects of the decision procedures of the game is that all meta-information with regard to the outcomes of the game for any given set of state variables, s S, can be effectively organized by the so called prediction function  (x,y) (s) in an infinite matrix  of the enumeration of all computable functions, given in Figure 1 (see, Cutland, 1980, p.208). The tuple (x,y ) identifies the row and column of this matrix  whose rows are denoted as i, i= 0,1,2,......  .




FIGURE 1

0       (0,0)   (0,y)   
1     (1,0)   (1,y)    
2     (2,0)   (2,y)    
.

x    (x,0)   (x,1)   (x,2)     (x,3) (x,x)   

 

.

The function  (x,y) (s) if defined at a given state s and (x,y) yields


 
                                           (x,y) (s) =  q .                          

Here, q in some code, is the vector of state variables determining the outcome of the game.
  Note, (x,y) is the index of the program for this function  that produces the output of the game when one player plays strategy x and the other player plays a strategy that is consistent with his belief that the first player has used strategy y.  Thus, (x,y) are the codes of the calculations involved for the determination of the strategies and the tuple also identifies a point on the matrix  in Figure 1.  The conditions under which the prediction function for each (x,y) point in the above matrix is defined is given in the following Theorem.

  Theorem 1: The representational system is a 1-1 mapping between meta information in matrix  in Figure1 and internal calculations such that the conditions under which  the prediction function which determines the output of the game for each (x,y) point is defined as follows:
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Here the total computable function (x,y) modelled along the lines of  Gödel’s substitution function
 (see, Rogers, 1967,p.202-204) has the feature that it names or ‘signifies’ in the meta system   the points in the game that correspond to the different internal calculations on the right- hand side of (3) as we substitute different values for (x,y).  The g.ns implemented by (x,y) can always be obtained whether or not the partial recursive function  
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x

y

(

)

on the right-hand side of  (3) which executes internal calculations halts or not.

  Proof : See Appendix.

 By the necessary condition in (3) if the function  x (y) on the right-hand side executing the internal calculation is defined, we say the  prediction function  in the meta system on the left-hand side producing the output of the game is computable and the outcome q of the game at that point is  predictable.  Likewise, the ‘only if ’ condition in (3) implies that meta statements that are valid on the predictability of the outcomes of the game at any (x,y) must give the correct inference on whether internal calculations on the right-hand side terminate.

Remark 1:  Only subsets of the sets defined by the rows of the above matrix, such that Ei  i ,  i=0,1,2,.....  , can be taken to contain the outputs or the range of the functions used internally by the players making the calculations.
 What this means is that, though there is always some outcome existentially and reference to any point in  can be made as a meta-proposition, there are points at which players in the system will fail to compute or predict these systematically or via an algorithm.    

Remark 2: On account of the ‘only if’ condition in Theorem 1, many interesting aspects of the Nash equilibria of computable games can be established only with reference to the meta analysis and information in the matrix  with no explicit reference to internal calculations being made by the players.  Thus, all Nash equilibria and other relevant fixed points of the game satisfying what has been referred to as consistent alignment of beliefs (CAB, for short, Osborne and Rubinstein,1994)have to be elements along the diagonal array of this matrix.  A typical Nash equilibrium is at a point defined by (x,x) , viz. say player p plays x and then g correctly identifies this.  Off diagonal elements along any row defined by strategy, say x, employed by the player p, cannot be Nash equilibria, as these off diagonal terms imply that g is choosing his strategy assuming the wrong meta representation of p’s play.  

Remark 3: A major advantage of this framework is that the determination of Nash equilibrium strategies involve the use of total computable best response functions 

(fp , fg) which operate directly on points such as (x,x) to effect computable transformations of the system from one row to another of matrix    with special reference to its diagonal array, see, Figure 1.  Thus,   
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The specification in (4) of how the response functions apply has a number of important implications.  As we will show, the Second Recursion Theorem can then be directly used for the determination of rational expectations equilibria where the constructive identification of the fixed point of the best response function enables both players to identify the same prediction function in the matrix   as producing the outcome of the game.     

Definition 5: The best response functions fi, i ( (p,g) that are total computable functions can belong to one of the following classes –
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such that the g.ns  of fi are contained in set (,



   ( = { m  | fj = m   ,m   is total computable}.         (5.b)

Remark 4: The set ( which is the set of all total computable functions is not recursively enumerable. The proof of this is standard, see, Cutland (1980, p.7). 

This formulation of response functions that can be made within the framework of recursion function theory  cannot be done outside of this framework.  As will be clear,  (5.b) draws attention  to issues on how innovative actions/institutions can be constructed from existing action sets.   

Definition 6 : The strategy functions denoted by (g , p ) involve partial recursive functions  for optimal decision procedures with respective g.ns (bp, bg ) which encode a finite description of the programs used in the choice of the respective best response functions  fi( { 1, fi+ , fi¬ , fi !},  fi = m  , m( (, i ( (p,g).  

The strategy sets containing the g.ns of computable strategies denoted by (Bp, Bg) are each equal to the set of integers N. We denote by bp ^ ( bg^ ) respectively the g.n of p’s (g’s)meta representation of g’s (p’s) strategy.  At fixed points, the ex ante  bi ^ of one player must equal theother player j’s optimal strategy bj* ex post.    

Each player chooses optimal strategies given the following objective function using meta information on the outcome of the game encoded by the function (.,.) which  following the two place notational convention contains mutual beliefs of one another’s optimal strategy and can be defined as (bp, bg^ ) .   
Definition 7 : The objective functions of players are computable functions i , i( (p,g) defined over the partial recursive payoff/outcome functions specified in state variables in (1).


Arg 
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The Nash equilibrium strategies with g.ns denoted by  (bpE, bgE) entail two subroutines or iterations, to be specified later.   In principle, the functions (g , p ) are  Universal Turing Machines that simulate optimal strategies of the players to satisfy conditions of optimality in (6) can be assumed to use a uniform procedures with g.n zi, i( (p,g)  for the optimization calculus with respect to respective objective functions. The problem is that actions can in general be implemented by any total computable function  response function,  fi = m  , m( (, i ( (p,g).  The total computability of  best response functions fi = m, m( (  in (5.a,b) yields the notion of constructible  action rules such that a finitely codifiable description of some (institutional) procedure which is defined for all mutually exclusive states of the world is obtained. The remarkable nature of the set (  is that potentially there is an uncountable infinite number of ways in which ‘new’ institutions can be constructed from extant action sets A.
 

In standard rational choice models of game theory, the optimization calculus in the choice of best response requires choice to be restricted to given actions sets. Hence, strategy functions map from a relevant tuple that encodes meta information of the game into given action sets

i ( fix,x), z, s, A) ( Ai  and  fi= m  , m(A,   i ( (p,g) .
(7.a)


Unless this is the case, as the set (  is not recursively enumerable there is in general no 

computable decision procedure that enables a players to determine the other player’s response functions.  However, in principle, a strategic decision procedure (g , p )  for choice of best response, fi= m  , m( (, i ( (p,g), can map into  (-A , implying that an innovative action not previously in given action sets is used. 

Definition 7:  We say that the player has used a strategic innovation or a surprise and adopted an innovation in terms of actions from (- A, viz. outside given action sets when,
i (fi(x,x)), z, s, A) ( (- A  and fi = fi ! = m  , m( ( -A, i ( (p,g).
(7.b)

However, in such cases in so far as there will be no systematic way to identify which response function is being used, fi = m  , m( ( - A, the g.ns for strategy functions themselves cannot belong to the  recursively enumerable domains of the respective sets (Bp, Bg) . The theoretical framework that can prove that strategic innovation arises in a Nash equilibrium of a class of games, must make it impossible for players to make an exogenous or random application of an innovation with a new action in (- A.   Indeed, it is the very function of the Gödel meta framework to ensure that no move in the game made by rational and calculating players can entail an unpredictable/surprise response function from set ( unless players can mutually infer by strictly codifiable means from (x.x) that (7.b) is a logical implication of the optimal strategy at the point in the game.  In other words, the necessity of an innovative/surprise strategy as a best response and that an algorithmic decision procedure is impossible at this point are fully codifiable propositons in the meta analysis of the game.                 


3.4 Choice of Best Response Functions and The Fixed Point Theorem

The symmetric structure of the strategy function implies that analysis can proceed from the perspective of one player or the other.  As Nash implementability of policy rules is the focus of the paper, the policy maker is assumed to be the first mover.   Calculations in the determination of Nash equilibrium strategies (pE , gE) with g.ns ( bpE, bgE ) start at so called basepoint.

Step 0 : At basepoint we need  the predictability of policy outcomes when say policy rule a, a ( Ag  is optimal for g at s given that g believes that p is rule abiding.  Let bg0^ denote g’s baseline belief of p as being rule abiding. Then, effectively p using a Universal Turing Machine can simulate g’s optimal choice at this point  such that 

maxg 
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fg= (m , m =a , a (Ag.                                            (8.a)

The total computable function b1 which determines the g.n of g’s optimal strategy bg* encodes the use of the optimal decision procedure, zg ,  at basepoint with bg0 ^.  Thus,




bg* = ba= b1(zg ; bg0 ^).                                 (8.b)           

Proposition 1:  The transparency or predictability of g’s policy outcomes at baseline requires that the prediction function is defined at s and - s (otherwise) such that

              
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Proof: Here, in our two place notation (ba , ba ) ,  the first  ba from (8.b) is the code of the program, as adopted by p to simulate the impact of the policy rule a that is optimal for g to follow if p is rule abiding and the second place ba denotes that g believes and acts on the basis that the private sector has simulated policy rule a and hence sets bg0^=ba.  On substituting the latter and the former ba from (8.a)  into (.,.), both players can constructively identify the same index  (.,.) on the prediction function .  Given that the optimization calculus in (8.a) is feasible, a necessary condition for mutual predictability of all policy outcomes of rule a when state s holds or not  requires that the rule a itself is total computable. 
  That is, 




fg =  
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Here, 0 denotes do nothing.  

Step 1: At step 1 of the calculations, a UTM simulates the choice of best response by player p, fp {1,fp+,fp¬ }from the basepoint ba, ba) .  Setting i=p in the strategy function which satisfies (7.a) and with ba, ba) in the place of  (x,x), player p’s best response is  calculated.  The g.n of p’s optimal strategy bp*  is determined by a total computable function b2



bp*  =  b2 (  zp ; b1(zg; bg0^))                        (8.c)

where b1(zg ; bg0^) = ba is defined in (8.b) .  With fp = 1, player p leaves the system unchanged at baseline point and bp* = ba .  In the case fi   { fi+,fi¬}, the system is non-trivially moved to a new row of the matrix  by the application of p’s best response function.  The calculation at Step 1 thus enables g to confirm or reject the assumption that is made at base point that p is rule abiding and hence update g’s initial belief such that  bg0^ = bp*.

 
For a rational expectations equilibrium each player must identify the same prediction function as determining the outcome of the game.
 

   Theorem 2 :(The Fixed Point Theorem
)  For the total computable function fp implementing p’s choice of best response from a computable base point 
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 given in (9.a) and satisfying conditions in Proposition 1, the g.n  bp* that encodes  the calculation in  fp 
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that determines p’s optimal strategy is defined in (8.c).  Then, in a rational expectations equilibrium
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  Here, 
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is said to be the fixed point of p’s best response function fp such that fp 
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 are indexes for the same partial recursive prediction function  Thus, the index on the latter will predict the same outcome of the game on the right-hand side as does the index of the prediction function on the left-hand side of (10 ) if the function is computable at the fixed point.  

   Proof:
 In Appendix.

   Remark 5: As per Theorem 2, with player p using index fp
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 and player g using the index 
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which is the fixed point of p’s best response function fp, both players can constructively identify the same prediction function that produces the outcome of the game at that point.  Thus, the eductive identification of the fixed point in (10) is a necessary condition for CAB to hold in a Nash equilibrium.  

   Step 2: The g.ns ( bpE, bgE ) of the Nash equilibrium strategy functions are fully definable in the system and these are determined iteratively at the 2nd stage of calculations from the fixed point in (10).  Given p’s choice of best response and the g.n of p’s optimal strategy bp* in (8.c), g updates initial belief and sets bg0^ = bp* in (8.a). The g.n of g’s Nash equilibrium strategy which encodes the class of  fg given information at the fixed point 
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in (10) is given by

          bgE   =  b1 (zg ; bp *).                            (11.a)

Likewise, player p uses information in the fixed point in (10) and infers that g will play bgE  in(11.a) and hence the g.n of  p’s Nash equilibrium strategy is given by

bpE  =  b2 (zp ; b1(zg , bp*))=  b2 (zp; bgE).         (11.b) 

 That is, b1(zg ; bp*) is substituted into the b2 function in (8.c).

 Remark 6: The characterization of rational expectations equilibria in Theorem 2 which explicitly depends on the properties of the best response function fp from basepoint 
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with fp{1, fp+,fp¬ ), will be shown to have a crucial bearing on the computability of the prediction function  in (10) at the fixed point 
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.  Further as the fixed point 
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 contains the full description of the players’ meta representation of their mutual action- reaction with respect to the response function fp, the latter also determines if the prediction function  at this point is structurally invariant or not.  By this is meant whether the internal calculations implied by 
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 necessary to produce the output of the game at this point can terminate without resulting in contradiction.  Theorems 1and 2 yield the two following implications.

   Proposition 2: Corresponding to  player p’s best response function,

 fp {1, fp,+ fp¬ ) to g’s base point strategy bg*= ba  that utilizes some agl  Ag  for a given s, the fixed point in (10) can be computable or non-computable.  If the prediction function 
 indexed by in (10) is computable, then by 

Theorem 1 the UTM in duplicator form 
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If the prediction function 
  indexed by in (10) is not computable then by Theorem 1 the UTM  in duplicator form 
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   Proof:  Use Theorems1 and 2.                                                                       

4: APPLICATIONS OF THE FIXED POINT THEOREM

4.1Computable Fixed Points 



We will now use Theorem 2 to determine the salient fixed points relative to p’s best response function fp and the subsequent Nash equilibrium strategies with g.ns 

(bpE, bgE ). The g.ns for p’s optimal strategy in the case fp { fp +, fp¬} will be respectively denoted by ba+ , ba¬ to correspond to whether p is rule bending or rule breaking.

(i)The rule abiding case: If it is optimal for the p to be rule abiding vis-à-vis the generic transparent policy rule a in (10), then it simply leaves the system unchanged at the ba th. row of matrix in Figure1. 
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is a trivial fixed point and bgE=  ba is g’s Nash equilibrium strategy of the game.

(ii) The rule bending case: The rule bender applies the best response function denoted by fp+ on ( ba , ba) and will move the system to a new row of the matrix  with code ba+  of the rule bending strategy fp+ ( a , a), such that the predicted outcomes in q (or some subset of them) specified as changes in state variables of policy are amplified but not controverted/subverted.  Formally, the predictable outcome of the game at the point ( ba+ , ba ) belongs to the set which is not disjoint with the set
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he fixed point result necessary to determine the mutual Nash equilibrium strategies when the private sector has used the rule bending strategy  

fp+  ( ba , ba) is given as 

         
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 In the fixed point result in (13) as player g by using the index  ( ba+ , ba+ ), (viz.when p has used ba+  and g has updated its belief that p is indeed the rule bender) has identified the same function on the right hand side of  (13) as the other player p who plays fp+  and uses index fp+ ( a +, a+) on the left-hand side of (13), we say by Theorem 2 that both players have rational expectations of the game at this point.  If the base point for the a-rule in (9.a)  is computable as per Proposition 1, then there are no problems of computability regarding the fixed point in (13) for when the private sector is rule bending.    

    There is, however, a very important point here, little understood in the extant rational expectations literature, that not all fixed points or Nash equilibria of a game can be computable.  We will now turn to the famous fixed point that fails to be computable such that the outcome of the game at this point is not predictable.  This is brought about by the Liar/rule breaker strategy.

4.2 The Liar/rule Breaker Strategy 

    Recall, the notion of the Liar strategy discussed in the introduction and in the first Lucas postulate which premises strategic behaviour on the part of a player that will controvert/subvert the predictable outcomes of a rule.  We are now in a position to formalize this.

    As the Liar/rule breaker, the private sector applies the best response function denoted by fp¬ on ( ba , ba  ).  Note from the latter in (9.a,b), p knows that rule a is the optimal policy for g if  p is rule abiding and if state s holds   However, for the given (a,s) it is optimal for p to apply the Liar strategy, fp¬ (a , a  ),  the code of which is, say, ba¬ . Formally, the Liar strategy has the following generic structure.
  


For any state s when the rule a applies,





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For all s when policy rule a does not apply,

     
fp¬   =  0  .                                                                      (14.b)







We will tabulate below the implications of the Liar strategy.  

(i) The Liar can successfully subvert with certainty in (14.a) if and only if () the policy rule is transparent with predictable outcomes and fp¬  itself is total computable. The necessary condition for the Liar strategy is the right-hand side of (14.a) which is also the first Lucas postulate on rational expectations of policy rule a.  Also, fp¬ =  m m(p, must include a codified description of  an action rule if undertaken by the Liar can subvert the predictable outcomes of the policy rule a.  Formally, if q is predicted then the application of fp¬  to (a , a ) will bring about an outcome q~  
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in (14.a) as being oppositional or subversive. 

(ii)Condition (14.b) says that the Liar will not use his strategy unless the state s when the a-rule applies.  fp¬   =  0, says that the Liar/rule breaker will do nothing.  

(iii) Note, from (i) that the point of reference from which the Liar/ rule breaker can systematically define his subversive position, has itself to be a computable fixed point.  In our framework (ba , ba ) contains the meta information which signals that it is common knowledge that in state s, g will play the a-rule, the outcomes of which are predictable.  This underpins the intuition behind the Lucas postulate on policy ineffectiveness in the case of fully anticipated policy and the wisdom behind the panacea that to forestall escape/subversion, the policy rule must be undefined and fraught with ambiguity.  Technically speaking, if a policy rule is partial computable (viz. there are some states of the world when there is no computable way of knowing if the policy rule applies or not) or if the rule cannot be systematically learnt if it is kept secret,
 the conditions (14.a) and (14.b) for the Liar strategy cannot be specified.

(iv)From the bookkeeping in Section 3.2  given in matrix ( of Figure 1,  as to where we are in terms of the structure of the game, we note that the Liar can succeed only out of equilibrium.  

  Proposition 3: The outcome on the left-hand side of (14.a) is obtained at the point (ba¬ , ba)  viz. an off diagonal term in the matrix   where p uses the Liar strategy and  g  predicates the optimality of the transparent rule a on the unjustified belief that p is rule abiding.  The outcome of the game at this out of equilibrium point

 (ba ¬,ba ) is  predictable with
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 The no-win for g is recursively ascertainable and rule a cannot be a Nash equilibrium strategy for g.

  Proof: See Appendix. 

    Hence, our earlier observation that not acknowledging the identity of the Liar is fatal for transparent rules and the success of the Liar entails an elementary error in logic and game theory on part of the other player.    

4.3 The Non-computable Fixed Point 

     Now, if g acknowledges the identity of the Liar in (14.a), the fixed point involving the Liar is  (ba¬ , ba¬ ) where ba¬  is the code for the Liar strategy in (14.a).  This can be considered to be meta information in the public domain such that the Liar, p, knows that g knows that p is the Liar.  Once the identity of the Liar has been acknowledged, g must rationally abandon the transparent rule a in (14.a) as per Proposition 3.  In a Nash equilibrium involving the Liar, we will see only surprise strategies are optimal if players seek to fulfil their objectives (p,g).   

    Theorem 3: The prediction function indexed by the fixed point of the Liar/rule breaker best response function fp¬ in (15) is not computable.
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Here, the fixed point which signals mutual knowledge that p will falsify predicted outcomes of g’s rule will lack structural invariance relative to the best response function fp¬ whose fixed point it is. 

   Proof::  See Appendix.     

    The prediction function  at this fixed point  (ba¬ , ba¬ ) is the one that corresponds to the famous Gödel non-computable fixed point
 and this also yields the precise formalization of the problem of the lack of structural invariance of behavioural equations and predictive failure in rational expectations equilibria alluded to in the Lucas Critique. An assumption to the contrary, viz. that  in (15) is computable and that the outcome of the game at this point is predictable, if made by players as meta theorists of the system, will lead them to a logical contradiction , see Proof of Theorem 3.  From (12.b) in Proposition 2, the UTM in duplicator form that executes internal calculations will go into a non-terminating self refuting mode.  This is analogous to the self-refuting structure we saw in the example of the motorists who falsify the forecast of a traffic jam.  There is an important difference here in that surprise strategies have a status over and above the indeterminacy at the fixed point of the Liar strategy function fp¬.  This aspect that Gödel meta analysis makes amply clear has no counterpart in the traffic forecast example.



4.4 Surprise Nash Equilibria and the Productive Function  

    There is no paradox in stating that as both players can prove the non-computability of (15) they will have mutual knowledge that the only Nash equilibrium strategies for both players that is consistent with meta information in the fixed point in (15), is one that involves strategies that elude prediction from within the system.  Following Definition 7, on substituting the fixed point  (ba¬ , ba¬ ) in (15) for (x,x) in (7.a), g’s Nash equilibrium strategy gE with g.n bgE  implemented by the total computable function b1 in (11.a) must be such that 

  gE (fg (ba¬ , ba¬ ), z, s, A) ( (- A  and fg = fg! = m  , m( ( -A.
(16.a)

That is, fg! implements an innovation and bgE ! is the g.n of the surprise strategy function in (16.a) hence is the fixed point of fg !.

Likewise for player p,  fp! implements an innovation in (16.b) and bpE ! is the g.n of the surprise strategy function viz. the fixed point of fp !.  Thus,



pE (fp  (b1( ba¬),  b1( ba¬ )), z, s, A) ( (- A  and fp = fp ! = m  , m( ( -A. (16.b)

The total computable functions (b1 , b2 ) in (11.a,b) implementing the g.ns of the Nash equilibrium strategies from the non-computable fixed point in (15), fully definable in the meta analysis, can only map into domains of respective strategy sets (Bp , Bg) whose members cannot be recursively enumerable. Thus, it is clear from (16.a,b) that what we call surprise strategies implement institutional innovations that signal structural breaks in the system.   

    Table 1 summarizes the results on the fixed points of the three possible classes of  Nash equilibria for transparent policy rules.



Table 1 about here.

Using the results summarized above in Table 1 and those from Theorem 3 and Proposition 2, we will now prove the incompleteness results for the strategy sets of the players from the Liar/rule breaking strategy.  Analysis will be done for p’s strategy set Bp as the productive subset of p’s strategy set can be shown  to correspond with that of g. The total computable function b2 in (11.b) provides a 1-1 reduction between the former and the latter sets.
       

    Corresponding to those (agl , s) tuples, agl  Ag  of g’s basepoint optimal strategy for which p’s best response fp   is to be rule abiding or rule bending, viz. fp  {1,fp + }, the g.ns of these optimal strategies for p, bp* Bp result in computable fixed points .  This set denoted by ßp+ can be generated by eductive/recursive methodology entailed in the proof of Theorem 2.  Thus,

             ßp+ = { 
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 for all (agl , s), agl  Ag , fp  {1,fp+ }}. (17.a)

Likewise by Theorem 3 and Proposition 2, we can recursively generate a set ßp¬ that contains the g.ns of p’s strategies for when it is optimal for p to use the Liar best response function fp¬  to those (agl , s) tuples, agl  Ag  of g’s basepoint optimal strategy.  By Theorem 3,  this is a set of p’s strategies that results in non-computable fixed points.  Hence,

           ßp¬ = {
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 for all (agl , s), agl  Ag , fp = fp¬ }.    (17.b)

For the same (agl , s) tuple, agl  Ag  constituting g’s basepoint optimal strategy, p’s optimal strategy bp* cannot belong to both ßp+ and ßp¬ .  Hence, logical consistency of the meta analyis requires ßp+   ßp¬ = and these are disjoint sets.  

Now, define the compliment set of  ßp+ denoted by ßp+c as

 ßp+c  = { x | x (x) (, x  Bp }.                                   (18) 

As ßp+   ßp¬ = (, the two sets are recursively enumerable disjoint sets with ßp¬ ( ßp+c by definition in (17.b).  Hence, the incompleteness of  p’s strategy set Bp that arises from the agency of the Liar strategy requires the proof that ßp+c is productive as in Definition 4 with the g.n of the surprise strategy  bpE !,  bpE ! ( ßp+c  - ßp¬.

   Theorem 4: The g.n of player p’s Nash equilibrium surprise strategy is defined as  bpE ! = k2 ( zp , k1 ( zg , ba¬ )) from (11.b) having substituted in  ba¬ which is the g.n of p’s Liar/rule breaker strategy that results in the non-computable fixed point in (15).  Then, by construction bpE ! = k2 ( zp , k1 ( zg , ba¬  ) is  a ‘witness’ for the productivity of the set ßp+c such that bpE ! ßp+c –ßp¬  and p’s optimal strategy set Bp  is incomplete .  As bpE ! is the fixed point of the total computable best response function  fp! implementing the surprise or the innovation in the system as defined in (16.b), fp!  is the productive function for the set ßp+c.   

   Proof: See Appendix.

   Remark 7: The import of Theorem 4 is that the surprise strategy is fully definable as a meta–proposition and is paradox free as the surprise strategy is indeed a pure innovation in the strategy set Bp and outside of sets ßp+  ßp¬  that can be enumerated by  eductive calculation and information in G, see Figure 2.  It is precisely the absence of logical inconsistency and strategic irrationality in the meta proposition on the surprise strategy that sustains the CAB condition of a Nash equilibrium with surprises.  Thus, as already observed, for human players utilizing ideal reasoning provided by Gödel meta analysis, the set ( of best response functions in (3.b) should provide an inexhaustible source of surprise or innovative strategies.  However, by the same token, by Theorem 4, there is no algorithmic way by which the prediction function with the index ( bpE!, bpE!) at the surprise equilibrium can be mutually identified or learnt ex ante by the players in the system.  Indeed, ( bpE!, bpE!) says that this is so self-referentially.





FIGURE 2  About here. 

   Remark 8:Theorem 4 and Figure 2 on the surprise strategy formally correspond to the set theoretic proof of Gödel’s undecidable proposition in miniature, Cutland (1980). 

                              5.
CONCLUDING REMARKS

    The reaction function that systematically falsifies forecasts or subverts predictable outcomes of rules is the Liar strategy.  Logicians and game theorists have long known of the problem of  epistemic indeterminacy posed by the Liar, Koons( 1992).  However, it  is Lucas(1972) who seminally, albeit informally, mooted the notion of surprise strategies to overcome the capacity of an agent qua Liar who can contravene the predictable outcomes of a rule.  The problem of a lack of invariance of behavioural equations and predictive failure of meta (econometric)models was also raised in the Lucas Critique in the context of strategic responses to anticipated policy events.  However, at no time was the logical and game theoretic foundations of a Nash equilibrium of a game with the Liar and surprises properly established. 

    The theoretical breakthrough that enabled us to formalize the class of games in which surprise or unpredictable strategies feature as the best response in Nash equilibrium with the Liar came with Binmore (1987).  Confronted by an ongoing agenda in game theory to restrict rational play to only mutually predictable strategies, Binmore (1987) upped the intellectual stakes when he raised the ‘specter of Gödel’ to inform fellow game theorists that this agenda is fundamentally flawed.  Quite simply the message here is that the strategist/theorist advocating precommitment to transparent rules in particular to vitiate surprise strategies and eliminate endogenous indeterminacy is logically and pragmatically duty bound to first attend to the issue : “what of the Liar?” The wide ranging examples of the Liar strategy given indicate that the issue far from being high faluting is most commonplace and even simpleminded.   However, the universality of the Liar and the Gödelian results show that impossibility posed by the Liar for transparency, determinacy and completeness in a Nash equilibrium have far more portentous implications for institutional design and market games than has been hitherto understood. 

    The reformulation of Binmore (1987) which draws extensively from Spear(1989) directly focuses on the identification and computability issues of Nash equilibria of games as fixed points of best response functions in a rational expectations framework.  For any rule that satisfies the formal conditions on the right-hand side of (14.a) especially if it involves predictable outcomes for asset prices or quantity positions, a Liar strategy against it furnishes us with conditions under which a transparent rule will fail to be a Nash equilibrium strategy.  The agent applying the transparent rule will be used as a money pump and/or have his desired objectives contravened.  No rational agent can be assumed to operate such a transparent rule and no institution based on it will survive unless the transparency of the rule is attenuated.  Theorems 3 and 4 show that the nexus between transparency, the Liar and surprises as in the first two Lucas postulates and that on the Lucas critique on endogenously engendered predictive failure of meta models is one of logical necessity.  Thus, the three Lucasian postulates, far from being disparate elements, characterize a single class of games whose Nash equilibria can be formalized in terms of the non-computable fixed point result of Gödel(1931). Theorem 4 and the venn diagram characterization of the incompleteness of p’s strategy set in Figure 2 does support the view that surprise strategies signal institutional innovations.   

    In the absence of the Gödelian foundations of surprise equilibria that underscores the sui generis of the necessity to deviate from what is predictable, it is easy to conflate the deployment of surprise or unpredictable strategies as being the consequence any of the following: irrationality, pure opportunistic behaviour or weakness of will to overcome a change of preferences as in Ellster’s account of Ulysses and the Sirens(Ellster,1979).   Macroeconomists, for instance, are inclined to view surprise strategies to arise specifically in the form of surprise inflation rather than as a generic impossibility result on rationally implementing transparent or predictable rules in the Nash equilibrium of a game on account of the Liar as intuited in the Lucas postulates. The import of Proposition 3 and Theorem 3 is that precommitment to transparent rules that are not Liar proof to vitiate surprise equilibria is both an illogical and strategically irrational proposition despite the facile allure for determinacy.  From a pragmatic perspective the advocacy for transparent rules must be accompanied by a two fold dictum- (I) Take the Liar out; (II) If that is not feasible and surprise strategies are not possible then the objectives being sought may have to be abandoned.  We finally conjecture that the non-computability of predictions functions on the outcome of a game in a Nash equilibrium may have wider significance as a Liar proofness design element of non-recursive market games well known for instance as no arbitrage equilibrium condition of asset markets.  To conclude, methodologically, what the Gödel(1931) incompleteness result and computation theory deliver is the formalization of the logical necessity of a class of  Nash equilibrium strategies that is ubiquitous in competitive/oppositional situations but outside the ambit of extant game theory, viz. that of innovation or surprises. 





APPENDIX

   PROOF OF THEOREM 1:  x,y) (s) on the left-hand side of (3) is a UTM, denoted here as UTM  =  ((x,y),s).  As in (2) by the Iteration or the Parameter Theorem the g.n of  UTM is obtained uniformly by the total computable function  from the indexes (x,y) of the function that it has to simulate on the right-hand side of (3). Thus, the so called substitution function  (x,y) which implements the Gödel numbering of the prediction functions in matrix   in Figure 1  enumerates the same sequence of computable functions as does the partial recursive function x (y)on the right-hand side of (3) which executes the internal calculations by agents in the

system.                                                                                                Q.E.D.

PROOF OF THEOREM 2: Proof follows from the ability of players to simulate other player’s optimal strategies as UTMs and then by iteration and substitution derive the g.n { fp +, fp¬}, at the computable basepoint 
 (.,.) for the prediction function  at this point.  Choice of  a total computable response best response function fp , fp 
(ba , ba)  at (9.a) such that (7.a) is satisfied when i=p , yields the g.n number of p’s optimal strategy.  This is given in (8.c) as bp*.  Thus,  fg (ba , ba)  is a computable function 
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In the internal calculations given on the right hand side of (3), the duplicator form of the UTM is obtained when g updates initial belief of p’s strategy bgo^ to equal bp*.  Hence, the internal calculations at this point is given by 
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(bp*).  Irrespective of whether the internal calculations 
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(bp*)  on the left hand side of (3) halt, the index corresponding to this for the prediction function on the left hand side of (3) is given by the total computable function (bp*, bp*) as in 
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(s) (the term on the right hand side of equation (10)).  To obtain equality of the latter  with 
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 in (10), we note that the particular function  fp when applied to the entire diagonal array of matrix (, yields a sequence 
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of the matrix (  that the bg* +1 th. entries of such a sequence is identical with that on the diagonal.  Thus, the fixed point result in (10) follows.                           Q.E.D.        
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PROOF OF PROPOSITION 3:Using (8.c), the index of the UTM that simulates player p’s optimal strategy given that g believes and acts on the basis that p is rule abiding viz. bg  ^= ba  is 

bp* =  k2(zp ; ba  )  .

For a given (a,s), the optimization algorithm zp  selects 

fp¬  to satisfy (7.a) when i=p, hence we set bp* = ba¬ .  On substitution of (ba¬, ba ) into  (. , .), the index of the prediction function at this point is obtained.  The total computability of the best response function fp¬ , given that the right-hand side of (14.a) is a computable  is sufficient for the output of the game to be predictable at this point and is found to be q~ . Thus, g by eductive/recursive calculation can ascertain that if p uses the Liar strategy when g plays ba on the assumption that p is rule abiding, g’s desired outcome q will be controverted by p.  In other words a no win can be forced on g by p at this point of the game.                                                 Q.E.D.
   PROOF OF THEOREM 3:The proof is standard.  At the fixed point involving the Liar strategy fp¬,  if the prediction function  in (15) is assumed to be computable, then the same output q must be produced by the functions on the right-hand side and left-hand side of (15).  Now on replacing ba by ba¬ on the right-hand side and left-hand side of (14.a), by definition there of the Liar strategy we have an output 

q  
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symbol 171 \f "Symbol" \s 12 q (ba¬ , ba¬) and given the assumption that  in (15) is computable.  We now have q (ba¬ , ba¬) is the fixed point of  fp¬ .  As this is a contradiction, we conclude that (15) is not computable.  Then by Theorem 1, by the ‘only if ’ condition, the duplicator form of the UTM  given by 
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 that implements the internal calculations at this fixed point with the Liar will not terminate.                                                                                       Q.E.D.
   PROOF OF THEOREM 4: The proof entails showing that the best response function fp at (16.b) is the productive function denoted as fp! with the ‘!’ intended to focus on the feature that  an innovation outside given action sets is involved, viz.

fp! = m ,   m( ( -A.   We will use the two following Lemmas in the proof as well as the property of the set ßp+c  which is identical to the set conventionally denoted by 
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is  productive where the productive function f(x)=x. With  g.n of the surprise strategy bpE ! in (16.b) being the fixed point of  fp!, we have  fp! (bpE !) =bpE !. 

Lemma 1:Since ßp+ contains x such that x (x) (, any total computable response function fp(x)  satisfies the condition that  
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 (fp(x)) (  ( x (fp(x)) ( or fp(x) ( Wx = Dom x . (A.1)  

However, if Wx is disjoint from ßp+ such that Wx ( ßp+c  as x (x) ( , then we must have 

fp(x) (  ßp+c  - Wx  .  Assume the opposite viz. fp(x) ( Wx = Dom x , then by the left hand side of (A.1), fp(x) ( ßp +  and also that x ( ßp +  and that x (x) (.  The latter contradicts our assumption that Wx ( ßp+c  as x (x) (.  Such a  fp (x) which  cannot be in the recursively enumerable sets ßp+ and Wx  is the productive function of the set ßp+c .

Lemma 2 : Let Wx  ,Wx ( ßp+c of Lemma 1 be constructed as 
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and, 
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Here with no loss of generality, let

bn¬ = ba¬              (A.4)       

from p’s Liar/rule breaking strategy in (14.a) and Theorem 3 and   

                 bn+1¬ = bpE ! = b2 ( zp , b1 ( zg , ba¬ )).   (A.5)

In other words
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 contains a recursive listing of the members of ßp¬  and surprise strategies thereof as {bo¬ ,b 1¬ ,. . . . . . .,b n¬ }.  However, note in the construction of  
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Lemma 1, we see that there is a contradiction and hence fp(bn+1¬ ) is a productive function.   Directly as the productive function of 
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,  fp(bn+1¬ ) = fp( bpE !) = bpE ! = bn+1¬  using (A.5).  Now, as bn+1¬ = bpE !    is a non repeating element in set 
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, bpE ! is different from all bn¬ , n< n+1.  Thus, as bpE ! is the fixed point of the best response function fp, fp(bn+1¬ ) must be as required in (16.b), viz. fp! = m ,   m( ( -A.Q.E.D.                         
 



 TABLE I
                 TAXONOMY OF p’s RESPONSE FUNCTIONS 

OUTCOME SETS AND FIXED POINTS.

	Classes of

Strategies


Rule Abiding

Rule Bending

Rule Breaking/Liar
	p’s Best 

Response

Functions fp 

 (ba  , ba  )

fp +  (ba  , ba )

fp ¬  (ba  , ba )
	 Code of

Private Sector

Strategies 

 ba
 ba +
     ba ¬
	 Outcome Sets
    
[image: image92.wmf]a

b

E

s



[image: image93.wmf]+

s

a

b

E


[image: image94.wmf]a

b

E

s

            


[image: image95.wmf]Ø

s

a

b

E


[image: image96.wmf]a

b

E

s


=     
	Fixed Point
of fp as index
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 (ba  , ba )

( ba +, ba +) Computable
 (ba ¬ , ba ¬ )Not computable: Surprise strategies    follow.
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THE INCOMPLETENESS OF p’s STRATEGY SET Bp



bpE ! = b2 ( zp , b1 ( zg , ba¬ )):SURPRISE STRATEGY
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� The Cretan Liar as an agent who falsifies systematically as in the Liar proposition “this is false” results in a paradox. If the Liar proposition is true, then it must be false and if it is false, as that is what it says, it must be true.             


� Binmore (1987) contrasts eductive with evolutionary game.  In the former players have to make explicit calculations of Nash equilibrium strategies, while in the later they do not do so.


� Gödel’s analogue of the Liar proposition is the undecidable proposition , say A, which has the following structure : A  ~ P (A).  That is, A says of itself that it is not provable ( ~ P). However, there is no paradox here as it is indeed true that this is so.  Any attempt to prove the proposition A results in a contradiction with both A and ~A,  its negation, being provable in the system. 


� Self-subversion is also possible.


� It has been regarded by some that surprises cannot be a Nash equilibrium strategy, see, Persson and Tabellini (1997, p.15).  Markose(1998,2001) gives a more detailed study of issues involved here.


� Bichierri (1989) and Koons (1992) have also indicated that some problems of indeterminacy in Nash equilibria of games have a typical Liar/self refuting structure in them. 


� In the classic work by Emil Post (1941) on the set theory of incompleteness of formal systems,  Post identifies two set theoretic structures that generate incompleteness of the decision procedures regarding sets of integers.  The first involves a pair of sets called creative and productive sets that characterize the incompleteness of formal systems that arises in constructions analogous to the Godel(1931) result on  undecidable propositions in Peano arithmetic.  The only other known set theoretic structure involving  simple sets (and their variants) manifests incompleteness of decision procedures.  The structure of simple sets are used to characterize strategic incompleteness in the Rabin(1957) games that has been analysed by Vellupillai (2000).  





� Indeed, it is interesting to note that the above cited formal papers (Anderlini(1990), Canning(1992), Nachbar and Zame(1996) and others) on incompleteness of strategy sets, do not discuss the possibility for nor the significance of innovative strategy.   However, there is an important subtext amongst proponents of the Lucas Critique that institutional innovations arise as a reaction to extant policy rules and cause structural breaks and predictive failure in econometric models.  However, to date no theoretical model has substantiated this.        


� An extensive literature shows that some problems of indeterminacy in Nash equilibria of games have a typical Liar/self refuting structure in them.  See, Bichierri (1989) and Koons (1992).


�The notion of a surprise strategy in the economics literature appears in the so called Lucas surprise supply function often defined as follows: y  = y* + b(  -  e  ) +  .  This says that output, y, will not increase beyond the natural rate, y*, unless there is ‘surprise’ inflation, ( -  e) which is the prediction error from expected inflation,  e.  The idea here is that the private sector contravenes the effects of anticipated inflation, viz. the neutrality result.  Hence, it is intuitively asserted that authorities who seek to expand output beyond the natural rate need to use surprise inflation.  


� Salmon(1993) has recently alluded to this problem in the estimation and identification of rational expectations equilibria.   


� The material counterpart to the meta propositions on strategic innovation in surprise equilibria can come about only as an never ending fount of institutional innovations.  A characterization of the incompleteness of strategy sets or of surprise strategies as institutional innovations has to date never been raised in the context of game theory.  


� The first limitative result on functions computable by T.Ms is that at most there can only be a countable number of these with the cardinality of �symbol 192 \f "Symbol" \s 10�� being denoted by �symbol 192 \f "Symbol" \s 10��0, while from Cantor we know that the set of all number theoretic functions have cardinality of 2�symbol 192 \f "Symbol" \s 10��0.  Hence, not all number theoretic functions are computable (see,Cutland,1980 ).


� See Albin(1982) for a more rigorous discussion that all strategic analysis is meta analysis of this kind. 


� Note this prediction function formally corresponds with the Lucasian one discussed in Section 2.2.


� This approach economizes on formalism and enables us to high light and exploit the Fixed Point Theorems of recursive function theory to determine Nash equilibrium outcomes more readily than has been the case in for instance in Anderlini(1991) , Canning(1992) and Albin(1982).


� Here �symbol 115 \f "Symbol" \s 10��i is the code of the function �symbol 115 \f "Symbol" \s 10��(i, j), j=0,1,2,3…  that enumerates the ith row of matrix .  


� It has indeed been noted in passing by Anderlini and Sabourian (1995, p.1351), based on the work of Holland(1975), that heterogeniety  in forms do not arise primarily by random mutation but by algorithmic recombinations that operate on existing patterns.  However, a number of preconceptions from traditional game theory such as the ‘givenness’ of actions sets prevent  Anderlini and Sabourian(1995) from positing  that the points at which there is algorithmic failure in decision procedures for the choice of best response coincide with players who are equipped with the wherewithal for algorithmic recombinations of existing actions do indeed innovate from strategic necessity.   


� Absent the optimization calculus in (8.a) and the policy rule is not preannounced, then as indicated in Spear (1989) there can be problems learning what the policy rule is by observing only the realizations of its impact on state variables even if it is a total computable function.   


� Spear (1989) has used similar ideas from recursive function theory to model the identification and learning problem in rational expectations equilibria.  The theorem involved here is the Second Recursion Theorem, see Cutland (1980) and in particular Rogers(1967) who gives this specific form.


� Proof follows from the ability of players to simulate other player’s optimal strategies as UTMs and then by iteration and substitution derive the g.n �symbol 115 \f "Symbol" \s 10�� (.,.) for the prediction function �symbol 102 \f "Symbol" \s 10�� at this point.


� See footnote 19.   


� Formally, ba¬ may be viewed as the g.n of a refutable proposition in a formal system.  A refutable proposition is one whose negation (ba here) is provable in the system.  As theoremhood is a computable relationship, the g.n of the refutable proposition cannot belong to the domain of any computable function.   However, as ba is provable, the set of all such refutable functions is a recursively enumerable subset of  the domain of calculations such as x(x), for all x, do not terminate. 


� Hence, the characterization of the productive subset of g’s strategy set Bg will be ommitted. 
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